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Abstract: The paper demonstrates, in detail, methods of fitting
an incomplete gamma distribution to a set of observed values using
the maximum likelihood method to obtain estimates of the two
parameters and thence estimates of values of the phenomenon which
will be equalled or exceeded with specified relative frequencies
(1 in 100, 1 in 1000). '

Caleulation of the standard errors and confidence
limits of the latter is also demonstrated.

) Moran's (1957) example of the Jingellic Flood Flows is
re-worked in more detail and the methods are also applied to 63
years of maximum annual 2/ hour (9am to 9am) rainfalls at Maragle,
N.S.W, the latter results being compared with those obtained by
fitting a log normal distribution.

1. THE INCOMPLETE GAMMA DISTRIBUTION

.-The problem is that we have a set of observations xq, Xp...Xp
of some natural phenomenon and we suppose that the particular
phenomenon x, has a probability distribution f (x) such that the
probability that f (x) lies in the interval (x, x + dx) is f (x) dx.

It follows that the probability that any x will be greater
than x, say, will be

P=4of(x)dx, | (1)

Various functions, log x,log log x and so on have been used
for £ (x) but Thom 1958; claims that the incomplete gamma function,
commonly called the gamma function, may be fitted satisfactorily to
various climatological variates. ‘

The gamma distribution is a 2 parameter frequency distribu-
tion given by the equation
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where I‘(k) =‘é( ;%.x k-1.dx is the Gamma funetion, - - .

(If k is a positive integer I‘(k)'ﬁu(k—1)!)

In Thom's notation the distribution is
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Coem = x et 5 o (3)
(3) may be reuritten
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(Thus Moran used k for Y and a for B, probably for simplicity in
print%ng,and this notation has been followed throughout this
paper). . .

Here x is the random variable, a is a scale parameter and
k the shape parameter. The function £ (x) is equal to zero for x -
equals zero and the distribution thus has a zero lower limit for
positive x values and is unlimited on the right. It is positivély
skewed (the mean is greater than the mode), the amount of 'skew
depending inversely on the shape factor k.

It can be shown that the skewness approaches zero with
increasing k, (thus showing that the gamma distribution becomes
symmetrical for large ) and approaches.normality slowly as k .
increases. For k. 100 it is approximately normal for climatologi-
cal applications.. . R :

Values of the integral of (2) have been tabulated by
. Pearson- 1951, i.e. values of the probability that any value of x
will be less than the tabulated value (expressed as a u value).

The arguments of Pearson's table are u and'plf R

Yoo
i
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where u =x " (4)
e/
and p=k1 e ' (5)

4

The main problem is to estimate the parameters a and k from
the sample observations. '

This may be done most effidiently by Fisher’s:1941'method of
maximum likelihood. This consists of maximising what Fisher called the
likelihood, or the product of the frequency functions of a sample.

If £ (x, a, k) is any frequency function, the likelihood is
defined to be

W f (x,, a, k),where J§~ indicates multiplication of
-i= : B
all terms and x; is the ith value in & sample of n.
|
To maximise this expression it is simplest to take logarithms
before differentiating and setting to zero.

This gives
n .

L=2 1Inf (x;, a, k) . ‘ (6)
i=1

Differentiating partially with respect to a and k gives the maximum
likelihood (M.L) differential equations '

QL =0 ) _
oa ) : . ’ ,

RL=0 ) (7)
dk I : .

Solving these equations glves the M.L.estimates % and £.
Applylng (6) to the gamma distribution equatlon (2) gives
L=-nklna-n lnfr(k) + (x=1) P In x; - a 3 X3 (8)
'and differentiating as in (7) we get | |

g_=_n'r‘(k)r(k‘)-1 +3Inx; -nln@=0 (9)
k .
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whers 1‘/ (k) = b_.__, aﬁd
‘bL = Q'_'?‘Z . '-. n\ﬁ a-1 =~ 0 ‘ | (10)
X X

where & and " 31gn1fy estimates of the true values of a and k
respectlvely. , .

From (10) we get? _ .‘
X = i a . : . . (11)

The term T/ (Tc\) T (?)"1' is called the digamma
function fp(k), values of which can be found in Davis (1933).

Solving equations (9) and (10) dlrectly for values of @
and K is difficult. Moran advocates finding approximate values for
a and k and using a graphical method. Thom, on the other hand has
developed a direct approximation for ﬁ

2. APPLICATION TO JINGELLIC DATA

Moran obtains approximate values of é{ and -a);ﬁaingi‘.fbhe-"ﬂx‘etﬁod
of moments. Thig gives ' '

L= g2 | | (12)
and B=s¥ o (13)
where X = n~! 3 X, ) ' - (14)
and s2 ={‘JX5_2 - (in)z} - ' (15)
. ) n : o
—t

whlch from the data (Jlngelllc river flows) gives X = 393.34,
2 = 36968, £ = 4.178 and & = 94.066.

Substituting the calculated and known values of n, X,
Z1n x; in equations (9) and (11) we get

50 /()0 ()~ +.293.16 =50 In 2 =0 (16)
393.34 =k 8 - ()
Dividing (16) by 50 gives
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- () T +293.16 =1nd
50 i
or - y,(fc‘) +5,86312=1n D (18)

Choosing a series of values for k around 4.18. the approximate value,
say 3.8, 4.0, 4.2, 4.k, 4.6, 4.8, 5.0, we calculate  the corresponding
values of a from (18) and interpolate on k until (17) is satisfied.
This may bg done by drawing a graph of k against ak and reading off the
value for & which results in a value of 393.34 for ak. :

From Table 1 it can be seen that thig value is approximately
4.6,which corresponds to a.value of 85.59 for 4.

Graphing the values of k against gk and interpolating. a
value of k for &k = 393.34 gives k = 4.64 4nd a corresponding value of-
84.77 for &. However, in order to carry through the check of Morans
paper the values k = 4.60 and &= 85.64 have been used.

Pearson's Tables of the Incomplete Gamma Fﬁnction.give values
of I (u, p) for various values of u and p where

' ¥ v o
= 1
I (u, p) Tom) ei{ e Yp dv

where v = x£1, p = k-1 and v =vp+l.u =vk.u

Thus having found a value of uo to meke I (u, p) = say 0.99
and 0.999.the corresponding x value is obtained from x = 4v = a /&,

Here the corresponding values are (for € = 4.6 and thus for
p = 3.6.-sce pages 19 and 21 of Pearson, :

for I (u, p) = 0.99;uy = 5.13; vy = g V46 = 5.13 x 2.145 = 10,990
and e
for I (u, p) = 0.999,u5= 6.58; vo = uo Jhib = 6.58 x 2,145 = 14,113

X. g9 = 8vy = 85.64 x 10.990 = 941.18 = 941,

X,999 = é‘vo = 85.64 x 14.113 = 1208.64 = 1209.

- We now have that 941 thousand acre feet or more has a relative
frequency of once in one hundred years and 1209 or more, a relative
frequency of once in one thousand years.

Before evaluating these 100 year and 1000 year floods, a
goodness of fit test of the distribution, using the parameters estimated,
should be carried out, ,
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‘ Using logarithms Table 2 was obtained, taking the same x
intervals for the 22 test as used by Moran (1957).

Items in column (6) must be interpolated from Pearson's
tables. Graphical methods appear to be satisfactory, although complex
systems of interpolation are given in the explanatory notes. Thus
column (8) gives the expected frequency, and the observed frequencies
are given in column (9). Details of the N2 test are not shown here
but the value obtained is not significant, which signifies that thé data
do not differ significantly from the incomplete gamma distribution.
Although the author is aware of the method suggested by Watson (1957)
for the A2 Goodness of Fit Test, this method has not been used because
of the limitations imposed by the data.

Next, the standard errors of the flood estimates must be
estimated. '

If X, is a flood estimate from estimated values k and a, then,

0 X : bxo
-Gxo = S-E—‘ 8k + <5 *. 6& | (21)

Summing both sides we get

ox L dx .
£6x,) = 3p>= SOK) + 5=+ ? 6a) (22)
So that . '
‘bxo bxo _
=k "kt — @ (23)

[s.B. (x)]? - {-Z-x;-}z var (8) + 2 @?; gfg-} Cov (&, 8)
- . E%ﬁf Var (8) (24)
‘ a

Ox

To calculate Eig'we evaluate x, for 2 values of k on either

side of’ﬁ‘and estimate the differential coefficient from the,différence.

Here the values of x_ - and ¥~ for kK = 3.6 and 5.6 have
| 299 0999 ,,

been calculafgd so that the change in X, for unit change in k gives the

estimate of o (see Table 3).
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Table-3. Calculation of %fg, ) (x,=u?@ [E)
: : k
Period K p JE . & ; u, X Ax Mean
' dx
—
ok

100 yr 3.6 2.6 1.897 85.64»\~ 4.96 806.0;

100 yr 4.6 3.6 2.145 85.64  5.13 941.2 \1,35,2,) 133
\

100 yr 5.6 4.6 2.366. 85.64  5.29 1072.1 130.9)

1000 yr 3.6 2.6 1.897 * 85.64  6.50 1056.2 _
1000 yr- 4.6 3.6 2.145 85.64  6.58 1208.6 \f\~152,4§“;/”149

1000 yr 5.6 4.6 2.366 85.64 6.68~1353.8)\145.2A

Thus 2% 133 and %o _ 149 -
k.99 3k 999
How axo = v, since x. & | = v
o’ ° o o

To obtain the variances and covariance of £ and & we
differentiate (9) and (10) to get ‘
. Con - . ’
Frea{re@ - [ (k)z} Fw?--y

. ¥k

. . / e U T ) -
A Y (k), the 1st dei'iva'.tive"“‘bfi’v}/,"(k)',‘ is called the trigamma
function and is tabulated in Davis (1933) Vol. If).

For k = 4.6, Y/(k) = .24271

12 = —na” (26)
dkda , S .

%“nka-z - : (27)
da '

Now, it can be shown that the variance - covariance matrix
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Var (k) Cov (k, 3) S _
oA is the inverse of
Cov (k, 2).. Var (2) -
- L - L
2 ok oa,
the matrix .ag o
- (= 9d°L - 3L

Substltutlng the values from equatlons (25), (26) and (27)

for 3? sz and 2° 7L and inverting the matrix we obtain the
’ 2 ka8 2
oKk da

following -

Var (8) = 8° y’(ﬁ) . (28)
- afk Y (k) -] |
Var (k) = & - (29)
T N

Cov (2, k) = -5 . , . (30)

Using the values of a = 85.64,

’)L"(4.6z). = ,24271 and
n = 50 we get the values in Table 4. 0

TABLE 4.
ox, 3% | Yar (3) Var (£) Cov (3, £)
b S 133 10,990
.99 , :
305 &19 =-14:71
xo 149 14.113 '
.999 |

Substituting these values in equation(24)we get,

S.E. (xo

We then have 95% confidence limits for x

«99

)

= 89 and S.E.'(xo

-999

) =

129

«99



to be 941 + 1.96 x 89

941 + 174 = 1115 and 767 thousand acre feet.

Similarly for xo we get

+999 ‘
1209 +.1.96 x 129 = 1461 and 957 thousand acre feet.

These were the results obtained by Moran (1957).  In the
following section, to provide a worked example the method is applied to
the maximum 24 hour rainfalls at Maragle, N.S.W,over a 63 year period.

The once in one thousand year falls and confidence limits are
~ included for purposes of comparison with those calculated by fitting a
log normal distribution.

3. APPLICATION OF THE METHOD TO MAXIMUM ANNUAL 24 HOUR
(94M-9AM) RAINFALL TOTALS AT MARAGLE, N.S.W,PERIOD 63 YEARS.

The basic data consist of the 63 max. annual rainfall totals
Xj. Rainfall in points.

Thus n = 63. Now zxi__'= 12465,810g10 .xi 1[.3.581,

E = mi = gééé = 19708é
.| 63 .
51og1o Xi = 143.581 _ 2.279 and 3ln xj - 2.279 x 2.30258
n 63 ' ~'n 5.24758
In X = Logyg xoz 30258 2.29636% 2.30258 = 5.28756

U51ng ‘Thom's method we have

A = 5.28756 - 5.24758 =~,03998 = 0400

A -
=1+ /1+ 4 x 04
) = 120664

b x 04 - ?

a=3%=197.86 =*-1'5.’6T2/_"

These values should satisfy the equation
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- '}L(k)+ Snx _ipa

n

that 18 - Y (R) +  5.24758 <

Taking a series of values for k near k and evalua.tmg a.k,
we get (using logarithms) the values in Table 5. °

R

. TABLE 5.
y () mé i Log & ak _
, | 5,24758-(2) | (3)¥ o, 30258 Antilog (4) (1) x (5)
(1) (2) (3) (4) (5) 1 (6).
12.6 1 2.49349 | 2.75409 ' [1.19609 | 15.708 197.92
12.64 2.49679 | 2.75079 | 1.19466 15,655 . | 197.88
12.68 | 2.50008 | 2.7475%0  |1.19323 15.604 197.86

Thus k = 12.68, & = 15.604 .
a ¥k = 55.5627
: Having evaluated the’ parameters it is necegsary to use them
to obtain expected frequencies using the théoretical distribution and
perform aX test of goodness of fit as shown in Table 6, -

X2 7-p-q = 4.3 is not significant at the 5% level.
= 4d4df

Here again the technique suggested by Watson (1957) for ")(2
tests of significance has not 'b used for reasons stated previously.

From Pearsons tables X, = 55,56 x 6.29 = 349.
.99 -99 - .
x, =48 JE.uo' " = 55.56 x 7.466 = 415.
999 .999 ‘
Calculation of bxo and on are shown in Table 7.

W09 .99
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TABIE 7. Caloulation of 9Xo , (x =uxix /%)
' ' ok
Period | ¥ D fé a é.‘,/l;" u, | %, | A xob gl—ein
, \ Bk
100 yr 11.6| 10.6] 3.406 |15.6 |53.134|6.15 | 326.77 :
- E N )121.02
100 yr | 12.6| 11.6 3.550 |15.6 [66.380|6.28 | 347.79)| . 20.72
- C){20.42
100 yr 13.6| 12.6 | 3.688 !15.6 i57.533]6.40 1 368.21
1000 yr | 11.6| 10.6 | 3.406 |15.6 {53.134]7.35 390.53% L ,
: E N , N 22,05 ~ _
1000 yr | 12.6! 11.6 ] 3.550 |15.6 {55,380]|7.45 412;58; 22,21
: 22.37

1000 yr ' 13. 64 12.6 | 3.688 |15.6° 57.533 7. 56" 434. 95)

- Applying now equatlon (24) we get

(8B (x, )2 [(20.72)% x 4.97 + [2xe0.72x22. 4xe6i81] -

<99 2 o
: + 3 (22.4)° x 7.82 |
= 21337 - 5671. 6 + 3923.8
. = 385.9 o
S.E. (x, 99) = (385.9)%'= 15.65
and |S. ﬁ (x, )12 = .[(22.21)2 x 4. 97] + [oxo2. 21226, 60x-6. 1]
' ©.999 ‘ + [ (26.60)2 x 7.82 j
' = 2451.6 - T219. 4 + 5533
= T65.2
S.E. (x, )= (765,2)%'= 27.66

.999

The 95% confidence limits are therefore

Cfor x4 349 % 1.96 x 19.65 = 349 # 39 = 310 and 388
.99 :

for x , 415 + 1.96 x 27.66 = 415 + 54 = 361 and 469
°.999 B ,



Using the log normal distribution, the Hydrometeorological Section of
the Bureau of Meteorology obtained 95% confidence limits as followss

for x 319 and 417 points
°.99’

for x, ; 383 and 533 po:Lnts°
0999

These are considerably wider limits than those obtained using the
incomplete gamme distribution

4. CONCLUSIONS

It has been shown that the incomplete gamma distribution may
be readily utilised to fit a set of observed values of maximum annual
flood flows or 24 hour rainfalls.

Thom's (1958) statement that the incomplete gamma distribution
may be fitted satisfactorily to various climatological variates has
been supported at least by the example given.

It is clear from the comparison of results for Maragle that
the incomplete gamma distribution gives smaller values for the
relatively less frequent events than the log-normal distribution.

In other words the ogive obtained using the incomplete gamma distribu-
tion although unbounded, asymptotically approaches the unit
probability ordinate more rapdlly than that obtalned using the log-
normal distribution. ‘
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