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THE SIGNIFICANCE. OF CORRELATIONS
IN METEOROLOGICAL SERIES
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. (Manuscript received April 1960)

Abstract: The definition of the correlatlon coefflclent and how
the significance of a value derlved from a sample is dependent on
the number of pairs used in the computation is set out. The
complications introduced by the presence of serial correlation
within the parent series is brought out. A survey is given of the
recent statistical literature which is relevant, and in which is
contained a good coverage of the methods for testing
significance, both of the correlation between serially correlated
series, and also of the serial correlation coefficients them-
selves. Finally, suggestions are made as to the particular
method of testing to be used in practice, the ultimate selection
depending on interim results and the degree of precision
required. :

i
3
B

~ 1. INTRODUCTION
The correiation'coeffiCient between two series

X1 X2 -~—----—-_xhg ‘and

Y1, y2 ———————=-¥n is computed by

rw=§(x-§)(y4§) —ﬁ(x-i)z.é(y'az:]d%

. where X and y are the mean values of the two samples and n is the.
' number of pairs used in the calculatlono

! The value of r found in this way is an indication of how
.the two series behave with respect to each other, and to this stage,
.the result may be classed as purely qualitative. In practice this is
usually not sufficient, and what is usually needed is a test of
(81gn1ficance of the value obtained. The experimenter seeks an answer
to the question - "Does this value of ir1 really represent a correla-
tion between the two series, or could it (or a larger value) have
arisen by chance, i.e. is the result llkely to have been caused by
sempling fluctuation?”
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i __The method of answering this question is to adopt the null
hypothesis that there is no correlation between the series, i.e. the
population value (P) is equal to zero., Then, if n is large and Ir| not
almost equal to unity, the distribution of r can be assumed to be .
normal with a standard error of _(n-1)-g. If the observed value of lr?
is 2 2 S.E, it is significant at the 5% level, and so the null '
hypothesis would be rejected. With n small or with l r! nearly unity
the distribution of r is not approximately normal and it is
necessary to apply another test which involves Studentis t.

Weatherburn (1947) shows that for random samples of n pairs
of .values from an uncorrelated bivariate normal po ation, r? is a Beta
variate of the first kind with paremeters % and ; 8&2) The Beta
variate of the first kind is defined as a continuous veriate, say x,
which is distributed with probebility density.

(@ = 1001 1 (1, n)] -1

where B(1, m). is the B function and is given by
. 1, ]
B (1, m) = ;({XH (1-x)8-1 ax

Since r? is a B 4 (%4, % (n-2) variate then

r? (1-r?)-1 is a B (%, % (n-2) variate where
Bo (3, % (n-2)) is a Beta variate of the second kind which defines the
distribution of a continuous variate, say y, as

é) (y) = y'é: ('i+y)"é' (n-1) LB(%’ it (n—2))]:"1
where the range is now from O to GC ,
Writing t = r (n—2)%'(1-r2)“% -
makes :

_ £2 (n—2)'ﬁ' a. 6-2 (3, % (n=-2)) variate énd so
r (n—2)ﬁ (1_1.2)-% is distributed as Student's t with (n-2) degrees of
freedom. .

To test whether an observed value of |r5 is likely to have
occurred by chance, the t value is calculated by substitution of the
relevant n and r values, and t - tables are consulted to ascertain
the probability of occurrence of such a limiting value. h
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Because the -significance value of jr; is a function of n.
the number of pairs used-in its’'calculation, .there is obviously
little value in comparing two sample values of r without
reference to the sample size.- Thus, R.A. Fisher (1948) has.
computed tables of minimum values of r that are significant at the
54 level; and some extracts from his tabulations are:- for n = 6
the appropriate value of r is 0,811; for n = 12, the relevant r .
value is 0.576; for n = 100, -the r .value is approximately 0.192.

2. CORRELATIONS OF METEOROLOGICAL SERIES

- The tests described above are wvalid if, and only if, the
basic assumption is fulfilled that each pair of values x;j, y; used in
the calculation is completely independent of every other pair.. It is
here that most confusion has arisen in the testing of correlations
between meteorological series, where in most cases the assumption of
independence is not justified.

‘ If, for example, the xq,Xp ———=- represent daily values
of 700 mb temperatures at one station, and the yqi,y2 —=——- Yn are 700
mb temperatures on respective days at another station, then quite
obviously a value X is generally not independent of the values

Xt-1 OF Xt+1, and similarly the value yi is not independent of the y
values immediately before or after it. Where the series are not
independent in this way, they are said to be serially correlated, and
the tests described in the.previous section are invalid.

An approximate illustration of this is furnished by
considering the basis of the test using the standard error of the
sample value of r. There, the standard error was taken to be i
(n—1)‘f where the wvalue of -n refers to the number of independent
pairs. Then, in a series of 900 pairs, assume that .the number of
independent pairs is only 100. The apparent value of the standard
error is approximately 0.03, i.e. assuming all 900 pairs are
independent, but the trus value of the SE.is approximately 0.10. An
observed value of |r| of say 0.09 computed from 900 independent
pairs would be equal to 3 x SE.and so would be highly significant,
but the same value arising from the second case would be less than
one standard error and so would be well within the range of chance
occurrences.

The recent statistical literature has given a lot of space
to this difficulty in assessing significance of correlations between
time series, but the meteorological journals have given it surprisingly
little publicity, considering that the bulk .of meteorological data come
under the category of belonging to serially correlated series.
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3. TESTING OF SIGNIFICANCE OF CORRELATION BETWEEN
WO SERIALLY CORRELATED SERIES

The testlng of the significance of correlation between two
non-independent series, like the testlng of the serial correlations ‘them-
selves which is considered later, is a very complex problem. The
remainder of thispaper will be devoted to prov1d1ng an outline of the -
modern methods of attacking this problem, and so is really a survey of
the relevant literature.

Bartlett (1935) in illustrating the effects of serial
correlation within two parent series which are not correlated together,
computes the variance of the sample correlation between the two series
to be approximately .

=1
o=l (1+P9 Py) (1-P4Py)
where n is the number of pairs used in the calculation,

Py is the serial correlation between adjacent terms in one
series, and

P, is the serial correlation between adgacent terms in the
other series. . .

Then is R and P, have the same sign, there is less accuracy
in the estimation of the correlation than there would be if the pairs
were independent. In the example let Py = Py = 0.6, then the
accuracy realised in estimating a correlation which is approximately
zero would be equivalent to that derived from less than half the same
number of independent pairs. If pairs were independént the
. variance of the correlation coefficient would be approximately n 1,
but in the serially correlated case quoted, the variance would be
approximately (n-1¥ (1.36) (0.64)=1 and this is greatér than 2 n~1.

Moran (1947) computes the standard error of the coefficient
of correlatlnn between two such series to be given approximately by

{n (1 +2 ‘ Py gﬁ} , where n is the length of the series, and P
s are the serlal correlation coefficients of the two series..

Thls will be seen to be approx1mately equal to the value obtained by

Bartlett (the difference for s = 1 is 2 (P ) n™). The problem is

not solved at this stage, since Bartlett's p1 and"z and Moran's Pg and

ré are population values and their estimation from samples is

extremely complicated. In his paper Moran shows that testing for

independence between two serially correlated series really depends on

the type of probability processes which generate the series.
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He takes two stationary series () and I(y) with zero
means and finite moments up to dnd inecluding the fourth, proves that
under certain assumptlons the covariance s=§ X(t) Y(t) ‘tends to

normallty as n increases, and shows that under the same conditlons
E(S) = -
Copei .
E (SR) —nCd +2 2 (-s)C dg
1,.

s

: [xm?L =5 [1(3)?]
E [X(t)v'x(t-s)—{’ dg = E [Y(t).Y(‘t_s)]

In practice the application of this theory is further complicated by
the fact that sample covariances cannot be used in the calculation
of the expected value of S2 but the C, and d, must be computed in
terms of the coefficients of the stochastlc difference equatlon.
Thus if the X series is of the form

where Co

Cg

X(te2) * @ X(gaq) * D X(t) = A(t+2)

then Co =042 1+b | where °H2 is variance of n.

(1-b) {(1+b)2 - a?})

A similar relationship exists for the dy and the Y series
provided of course this series is of the same form. .

In a later. paper Monan (1949) refers to the same problem
and its attendant dlfficulties. He states that as generally the
presence of serial correlation causes the standard error of the
correlatlon coefficients between series to be larger than it would:
be if successive pairs were independent, then a value which is
found to be not significant, assuming independence, is unlikely to
be judged significant if the more exact formula is used for comput-
ing the standard error. As we have seen this will be true when the
serial correlation coefficients have the same sign, and in practice
this: .aspect could be examlned in the early stages of. the investiga-
tion.

, If the correlatlon coefflclent is, g the other: hand,
foundito be significantly large when independence is assumed, then
it would be necessary to use the more precise formula. _An.
alternative method of arriving at the values of P; and P -will be
con31dered in the next section.

w
)

———
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In the conclusions of his paper Bartlett (1935) raises the
"important point that if either of the parent series is serially
independent then the standard significance tests are valid. This is
apparent, since in either form of the precise formula if either of the
serial correlation coefficients is zero, the standard error reduces to
nﬁ%, the same as in the independent case.

4. SERIAL CORRELATIONS - DISTRIBUTION AND TESTS

Quenouille (1948) investigates the approximate distribution
of the serial correlation coefficient defined by

-1 n-l , n-1 , 7 -4
T(1) = ?;xl i+1H2 x50 2 xi+1J
i=

=1 i=1

and shows that it is the same as that of the ordlnary correlation
Vcoefficlent which is based on (n+3) pairs of observations. In this

context xn+j 1s taken as x;, and the result is adequate for n equal to
or greater than 10.

- It was shown in Sectlon 1 above that r? is a 51 (3, % (n-2))
varlate and since the range of r is from -1 to +1 then
% (n-4)
d-; = L-r ) dr
N B (3, z (n-2))

Then'replacing n by n+3 and writing

r (E) r (——_)I‘(n+2) for B (4, % (n*1)) the distribution

' 2
beconmes

=‘({—r2)%'(hf1)P(n/2 +1) dr
F'():T(n/2 +1/2)

and this is the form in which Quenouille writes it. If the X; are
connected by a linear Markoff scheme, i.e. if xj+1 = Px; + €,4
where the E& are independently and normally distributed &b out zero,
then the distribution of the first serial correlation is given
.approx1mately by a modlflcatlon of the distribution set out above.
It is

dp = h (r) dr = 11_-22)% (ar 3. ?L A
I‘(%)-»I’(S +§).(1-2 &+ F9)
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The moments of this distribution are obtained by hyperbolic ,
transformation, and the transformed value z (where r = tanh z) is
distributed epproximately normally with the mean and variance both .
functions of p. =~ = _ , S :

‘The theory -is applied to several examples, one of which
consists_of serial correlations of daily pressure data for two six-~
monthly periods for the years 1930-1936. The original calculations
are due to Walker (1946). The serial correlations_have been
divided into monthly groups and sample values of Sz_and theoretical
values of © 2 have been computed, the latter by means of the trans-
formation mentioned above. = The chi square distribution with 5 d4.f,
is then used to test the probability of occurrence of the estimated
values. 4 , , -

Quenouille, in this paper, concludes thét the apﬁroximate
normal theory provides a satisfactory test for serial correlation
coefficients provided n is sufficiently large. . )

This method. of estimation of P enables a test to be made of .
the correlation between corresponding terms of two serially
correlated series. Thus with the notation of Section 3 above, if
Pq is the correlation between successive terms of one series, and
P, is the correlation between successive terms of another, then the
correlation between corresponding terms is tested with

n® = n (1- BP,).(1+, p2)~‘1 d.5. , ,
This means the test is carried out as if there were n’ pairs instead
of n, and as mentioned earlier, if P, and P, have the same sign then
n’ is less than n and so the SE. of the correlation coefficient will
be greater.’ ’ ’ A

In a later paper, Quenouille(1958) considers the problem of
comparing correlation structures within two time series, or within
two lengths of the same series. That is, given rg and ?é
(8 =1, 2 =~——1 ) estimated from runs of n and m observations
respectively, it is required to test whether they are consistent
with a single set of parameters P g+ . The author points out that no
simple exact test of significance exists, but he does suggest a test -
procedure which involves fitting an auto-regressive series to the two
series taken together, caléulating the serial correlations and the
partial serial correlations, and then testing the differences of the
partial serial corrslations with the chi square distribution. The
test is based on the fact that in large samples the partial serial
correlations of an auto-regressive series are independently and
normally distributed with asymptotic variances (n-s)-T,
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5. CONCLUSIONS

) It has been shown that the correlatlon coefflclent
estimated from samples of two series provides an indication of the way
in which the two series behave with respect to each other. It has
also been demonstrated that as the value of these observed correlation
coefficients dependson the numbers of pairs used in the calculatioms,
these numbers should always be quoted when sample correlation
coefficients are compared.

The standard tests for the significance of an observed
correlation coefficient are valid only if there is no serial
correlation present in at least one of the two series under considera-~
tion. In meteorological series, these conditions are usually not
realised, and the detail and precision of the tests carried out will
have to be decided by the particular problem on hand.

The first step in testing significance of correlation
between meteorological series, could be to use a standard test, and if
a non-significant value of r has occurred, the sample serial correla-
tions could be computed to check that they have the same sign. If
this condition is also fulfilled, it could be assumed that the true
corretation between the two series if not significant.

If either or both of these conditions are not fulfilled, and
detail and accuracy are requlred the test of whether the true
correlation between the serjes is gignificapt could be carried out by
computing the SE, (r) as (n~! (142 ;;p ))% as shown in Section 3,
where theP g and 5 are calculated'by, say the transformation method
of Section 4. Thls method will also provide a means of testing the
significance of the serial correlatlons, ‘'since their distributions
are found in the calculatlons.
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