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PENETRATION OF THE EARLY MORNING RATHMINES'
ATMOSPHERE BY HOT PLUMES

by J.N. McRae
Central Office, Bureau of Metéorology,~Melbourne

(Manuscript received July 1959)

Abstract: Priestley's (1956) theory of the bent over
plume,. applied to past radiosonde and upper wind
observations at Rathmines,. New South Wales, and using
parameters relating to a projected power plant at Lake
Macquarie near Rathmines, indicates that plumes from
this plant would have failed to penetrate 1900 GMT
surface inversions on about 18 per cent of all days’
during the period of record.

Most of the strong inversions with rather
nigh tops are associated with seaward winds which are
presumably at least partly katabatic winds from the
Hunter Valley. In landward winds at 1900 GMT thee
theory indicates that plumes would have failed to
penetrate 1900 GMT surface inversions on only about 2
per cent of days.

Although only early mormng inversions have
been studied here, the possible effect of sea breeze : .
inversions or stable layers on ceiling heights warrants
special study at least in summer and early autumn.

Approximate equations have been derived
which considerably reduce calculations of the ceiling
height of plumes for a wide range of values of emission

. velocity and temperature excess and stack radius.

1. INTRODUCTION

At the request of the Electricity Commission of New South Wales, which proposes to
establish a power station at South Lake Macquarie, McRae et al (1959) analysed surface '
“inversions at Rathmines- (33003 S, 151 °36' E, close to South Lake Macquarie) and Williamtown
.(32°48's, 151°51'E), They also discussed the penetratwn of these inversions by hot plumes
assuming still air conditions. .

This report‘discﬁsses the ceiling height of hot plimes at Rathmines taking into account
the effect of wind. ~

2. THEORY

Priestley's (1956) theory of the bent over plume proposes two phases in the behaviour of
plumes up to their ceiling height. In the first phase the resistance of the plume and its spreading
and dilution are induced by the plume s own motion and in the second phase the mixing is
determined by atmospheric properties. ’

Using Priestley's equations, Spurr (1957) shows that the height z, of the transition
from the first to the second phase can be written in the form. .
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where ) ee is-the potential temperature of the environment,
c the spreading coefficignt, ‘is assumed to be proportional to the square root
of the wind speed (u), -
k the mixing rate, is assumed proportional to the wind speed,
g is the acceleration of gravity,
W, is the vertical velocity at the stack top,
z, = Ro/c, where R, is the radius of the stack top, is the "fictitious" ‘height
of the source, and ’ ’
_ pl i
A = R w & .. . . (2)
is a constant in which w and 8' are respectively the vertical velocity and
potential temperature excess of the plume over the environment at
height z, and
R’ 2z ¢ B (3)

of neutral stability has been used, but Priestley and Ball (1955) show that up to heights well
beyond the level of the maximum vertical speed of the plume, the vertical velocity does not vary
greatly with increasing stability for the range of stabilities of interest here.

|
i In deriving eqn. (1) the expression for the vertical speed of the plume under conditions

Eqn. (1) can be written

x3 - gx +r =0 ..., (4)
where q = 3 Ag
28 %3
e
33 3.3
p = %% . WoRo
K3 ¢33
RZ
r =q _2 — p
> .
c
2
A =
) x

Solving eqn. (4) for x we obtain z) and thence the ceiling height z_ from Priestley's
eqn. (13) which can be written :

2
( 3z Bl/3 )
z, = ET - , o (5)
o0 2. )
g e + k
o TP
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where B = aQ _ R, a + P = z,, so eqn. (5) can be written
z) 2.3 3
c z3 FA
1
k2 ( z, + 2q )
3
( ?:zl )
2z, = z, ,+ o e B (6)
2 0 ’
k + g ® e
8, 0z

3. DATA AND DISCUSSION

Although simultaneous radiosonde-radarwind observations were made twice daily at
Rathmines for the period 4 March 1952 to 12 January 1954, only those made at 1900 GMT were
analysed as this study relates only to surface inversions which are about their strongest at this
time (5 a.m EST);and are unlikely at the other time-of observation (0400 GMT), However, this
does not mean that study of the 0400 GMT observations is not warranted. Sea-breezes,
particularly in summer, might have an appreciable effect on the penetration of hot plumes.

Initially the gradient of potential temperature from the surface to the inversion top was
plotted on polar diagrams against the wind vector at the surface, 1000 ft and 3000 ft. As a wide
range of potential temperature gradients d'égl_)._rre-d?with most winds, it was not possible to draw
isopleths of the gradient. The data relating to the 1000 ft wind were then grouped for each season
to give the percentage frequency of inversions and non-inversions for winds classed into eight
compass points for speed ranges of five knots. The results are given in Table 1.

Table 1. Seasonal percentage (of total observations) frequency of inversions (I)
and non-inversions (N) at 1900 GMT at Rathmines with 1000 ft wind
from 4 March 1952 to 12 January 1954

Summer Total 82 (I = 34, N = 48)

Speed (Kt} N NW W SwW S SE E NE Total
i 1.2 3.7 1.2 4.9 1.2 1.2 1.2 14.6
1-5 "
N 2.4 1.2 1.2 4.9 1.2 1.2 12,2
I 6.1 3.7 2.4 2.4 14.6
6-10
N 1.2 2.4 1.2 2.4 1.2 1.2 2.4 12.2
ST | 3.7 1.2 1.2 6.1
11-15 . .
N 1.2 3.7 1.2 4.9 3.7 2.4 17.1
I
16-20
N 2.4 8.5 1.2 12.2
1 1.2 1.2 \ 2.4
> 20
N 1.2 1.2 1.2 1.2 4.9
I 3.7 3.7
Calms
N
1T [T1.0 4.9 1.2 6.1 6.1 T.2 3.6 3.6 3.7 41.4
Total .
' N 3.7 2.4 . 3.7 9.8 18.3 8.5 6.1 6.1 58.6
I 23.2 ' 1 14, : . I 3.7
Seaward: N 19.6

Landward N 39.0 Calms N
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Table 1 (continued) Autumn Total 106 (I = 81, N = 25)
Speed (Kt)|{ N NW W SW . |S SE E NE Total |
I 2.8 3.8 2.8 2.8 1.9 . 0.9 15.1 |
1-5 . ’
N
1 4.7 3.8 6.6 2.8 1.9 0.9 0.9 1.9 23.6
6 -10 T .
N 0.9 0.9 0.9 i 1.9 4.7
1 1.9 0.9 5.7 1.9 0.9 ! 1.9 13.2
11-15
N 0.9 2.8 2.8 0.9 7.5
1 3.8 0.9 4.7
16-20
- N 1.9 1.9 2.8 6.6
: 1 2.8 0.9 0.9 ! 4.7
>20 :
N 0.9 0.9 0.9 ‘ 2.8
I 15.1 15.1
Calms
: N 1.9 1.9
I 9.4 . 15.1 11.0 8.5 4.7 0.9 2.8 2.8 15.1 76.4
Total
N 2.9 3.8 7.5 4.7 - 0.9 1.9 1.9 23.6
I 50.0 I 11.3 I 15.1
Seaward: N 14.2 Landward: N 7.5 Calms: N 1.9
Winter Total 144 (I = 105, N = 39)
Speed (Kt)| N NW w SwW S SE E NE - Total
I 1.4 2.1 4.9 1.4 1.4 1.4 | 112.5°
1 -5 ) ’
N
N I 1.4 4.9 6.2 2.8 2.8 0.7 18.7
6-10 : :
N 1.4 0.7 0.7 2.8 |
1| 1.4 5.6 4.2 4.9 16.0 |
11-15 :
N 0.7 0.7 1.4 2.8 0.7 6.2
I 0.7 2.7 4.2 0.7 0.7 8.3
16-20
N 2.8 1.4 0.7 0.7 5.6
1 2.8 0.7 3.5 ;
» 20 |
N 4.9 0.7 2.1 1.4 0.7 9.7
I113.9 13.9
Calms
N 2.8 2.8
1 4.9 17.4 19.4 9.7 4.2 1.4 1.4- 0.7 13.9 72.9
Total i .
N 0.7 8.4 4.9 6.2 2.1 0.7 0.7 0.7 2.8 27.1
I 51.4 I 7.7 I 13.9
Seaward: N 20.1 Landward: N 6.9 Calms: N 2.8

4
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Table 1 (continued) ) Spring Total (I = 104, N = 37)
Speed- (Kt} N NW w SW S SE E  |NE Total
1 |5.7 | 3.5 2.1 1.4 1.4 1.4 2.8 1.4 - 19.9
1-5 : : :
N 1.4 0.7 1.4 1.4 0.7 ‘ 5.7
.1 | 4.3 5.0 1.4 2.8 2.8 0.7 0.7 1.4 19.2
6-10 : . T '
N 2.8 2.8 1.4 0.7 7.8
1| 3.5 5.7 5.0 1.4 0.7 16.3
11-15 ' :
N : 1.4 2.1 0.7 0.7 . -~ 5.0
1. 0.7 5:0 3.5 -1 0.7 9.9
16-20 .
N 2.1 1.4 |7 - 0.7 ’ 4.3
1] 0.7 5.0 0.7 : 6.4 :
y20 7T
N 1.4 0.7 0.7 0.7 3.5
I 2.1 2.1
Calms
o N
I |14.9 24.1  [12.1 .| 7.1 4.3 2.1 . 3.5 3.5 -1 2.1 73.8
Total ' : ‘ : '
N .0 3.5 6.4 6.4 2.8 1.4 0.7 26.2
58 2 . - 1 13.5 : 1 2.1
Seaward: N 14.9

Landward: N 11.3 - Calms: N

Table 1 shows that with 1000 ft winds up to 15 knots, inversions are much more
frequent than non-inversions in autumn, winter and spring and about equally frequent in summer.
As Lake Macquarie is near the coast the effects of pollution are likely to be less serious in seaward
winds than in landward winds or calms. In seaward winds in summer, inversions and non-
inversions are about equally frequent but in the other seasons inversions are much more frequent.
In autumn, winter and spring the frequency of inversions with NW to W winds as strong as 20 knds
is quite high. These winds are presumably katabatic or valley winds. With landward winds
inversions and non-inversions are dbout equally frequent in autumn, winter and spring, but in
summer non-inversions are about three times more frequent than inversions. This is no doubt due
to the smaller 1900 GMT land-sea temperature difference in summer compared with other seasons.

In Fig. 1 the gradient.of potential temperature from the surface to the inversion top has
been plotted for each season against the height of the inversion. Against each plot the 1000 ft wind
speed has been entered. The reason for using the 1000 ft wind here and in Table l is mentioned
later. -

The lines in Fig. 1 give the ceiling height of hot plumes as obtained from eqns. (1) and
(6) for various 1000 ft wind speeds using values of other parameters appropriate to the proposed
plant at Lake Macquarie, namely a radius (R_) of 3.5 m, vertical velocity (w, ) of15 m sec™! and
temperature of 137°C at the stack top (height 137 m). The environmental potent1a1 temperature
(9 ) was taken as 290°K which is approximately the: annual mean value at the height of the stack top
at 1900 GMT over the period of record; 8 is then 120°C. From eqn. (2), Ais 2.2 x 104 m3 deg
sec”! (and using a density (f )of 1.1 x 103 gm m~3, the source strengthQ = WP C  Ais 76
megawatts). In the calculations it-was assumed, following Priestley's eqns. (5) and (Y4) that
c2=,112 uand k = .01 u for wind speed u in knots. The values of c and k are given in Table 2.

Table 2. Values of ¢ and k for various wind speeds (u)

u 0 2 5 ’ 10 20 knots
p 1 47 ' 75 . 1.1 1.5
“k - 02 | .05 0.1 0.2 sec!
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The calculated values of the fictitio
and the ceiling height z. are given in Table 3 for various values of

21

us height of the source 2z

The values for still air are those obtained in the earlier report.

o+ the transition height zy

3 Oei 3 z.and wind speeds.

Table 3. Values of z,,, 2z}, z_, for various wind speeds (u)
and gradients of potential temperature )

0

98,/ 92z(°C/100 m) .5 1 l 2 ' 3 l 5 , 7 l 9
u(kt) zo(m) zy(m) z (m) o -
0 35 - - 660 | 510 | 398 | 338 | 281
2 7 159 4237 | 344 | 302 | 257 | 233 | 209 | 197 | 189
5 5 '6.4- 168 162 156 | 146 | 138 | 126 117 | 111
10 3 32 83 | 82 81 80 78 75 73 7
20 2 17 . 42 42 a2 42 42 41 41 41

The lines on Fig.- 1 have been converted to give the ceiling height above ground level
(z. - 25 +b) where h is the height of the stack top above ground level. As the proposed stack top is
450 ft above ground level, the reported 1000 ft wind which is a mean wind through the layer from
500 to 1000 ft is the best available estimate of the mean wind immediately above the stack.

From Fig. 1, by interpolating curves for all wind speeds, an estimate can be made of
the number of cases of non-penetration of inversions by counting the number of cases when the
plotted point occurs above the curve appropriate to the wind speed shown against the point. The
cases of non-penetration and penetration are marked with a cross and dot respectively. The ]
frequency of cases of non-penetration in each’season during the period of record and the frequency
expressed as a percentage of all observations (inversions and non*inve'rsions) is given in Table 4.
The total number of observations used (473) is less than the total number possible (698) because only
approximately synchronous radiosonde and 1000 ft wind observations were used.

Table 4. Frequency (f) and percentage frequency (%) of cases of
non-penetration of inversions at 1900 GMT at Rathmines in each
season during the period 4 March 1952 to 12 January 1954

Summer Autumn . Wi\nter Spring Total

Total Obs szr 106 144 141 473
£ 15 22 17 33 T 87

% 18 21 12 23 18

where a curve for the ceiling height versus wind speed for. & 8./

superimposed on plots of the height of the inversion top against the 1000 ft wind speed.
Oz is about the mean value of the gradient of potential temperature be

value of

26,/

It will be noted.from Fig. 1 that for winds greater than 2 knots th
height with the gradient of potential temperature is small.
regarding the validity of his eqns. (5) and (14) for the deter
- variables will be reflected in the calculated ceiling heights and probably justify ignoring variations
‘in ceiling height associated with the gradient of. potential temperature.

e variation in ceiling’
The doubts expressed by Priestley
mination.of ¢ and k over a wide range of

This has been done in Fig. 2

92z of 2°C/100 m has been

inversions whose tops lie in the region of the curves for low wind speeds.

curve then relate to cases of non-penetration.
are 15, 23, 17 and 33 respectively, which agree closely with the valu
laborious method of constructing curves to allow for variations of Ze

The chosen
neath those
Plots falling above this

The values for summer, autumn, winter and spring
es (Table 4) obtained from the
with 3 8/ 9z
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for Spring. See text for explanation of superimposed line. L=Landward

wind S=Seaward wind.



26

Over the period of record Priestley's theory indicates that hot plumes with the proposed
source strength, etc., would fail to penetrate inversions at 1900 GMT at Rathmines on about 18 per
cent of days. As mentioned earlier, the effects of pouutlon?wﬂl not be as serious with seaward
winds as with landward winds or calms. If seaward (N to SW) winds are excluded the values for
summer, autumn, winter and spring become 3, 2, 3 and 1 respectively. The all-season percentage
frequency of cases of non-penetration in landward winds or calms is 2 per cent.

On the mornings of the days of non-penetration the establishment of a dry adiabatic
. lapse rate beneath an inversion might result in downward mixing (fum1gat1on) of the pollution.
However,after sunrise another factor might tend to reduce the pollutmn available for mixing. If, as.
is thought, many of the strong surface inversions with rather high tops are associated with
katabatic winds from the Hunter Valley, the speed of these winds will decrease after sunrise and
pefhaps allow penetration of the inversion top. This aspect could not be studied as there were no
Rathmines surface or upper wind observations other than at 1900 and 0400 GMT for the period when
1900 GMT observations were made. '

Another aspect requires special study. From May to September or October it is
expected that except in isolated cases the dry adiabatic lapse rate will be established to-levels above
the original level of the inversion by early afternoon when mixing through a greater depth should
reduce the pollution. However, from November to April there will be days when the development of
strong sea-breeze inversions in the afternoon will probably produce pollution problems in landward
winds. ’

Reverting to the calculations, apart from the doubt regarding the c and k values,
several factors might reflect slightly on the validity of these results. By using the mean gradient of
potential temperature from the surface to the invetrsion top on individual days, the gradient of
potential temperature above the. stack top will generally have been overestimated with a resulting
underestimate of the ceiling height. The agreement between the results from Figs. 1 and 2 ’
suggests, however, that an accurate determination of the gradient of potential temperature is not
necessary for the type of analysis presented. Overestlmates of the number of cases of non-
penetration, i.e. underestimates of the ceiling height, are likely if the inversion top is about 700 or
800 ft when the 500-1000 ft wind is probably an overestimate of the wind beneath the inversion. This
should not affect the results greatly. As mentioned earlier, the effect of the assumption of neutral
stability in calculating the transition height will produce a negligible overestimate of the ceiling
height.

A factor which could affect the validity of this analysis is the bias which might result
from missing observations (about one-third of the pos sible) during the period. Of the 698 days in
the period, observations were missed due to rostering off of staff or equipment failure on 133 days.
These missing observations would not be expected to introduce bias. On the other 92 days not
included in the analysis, radiosonde data were available but 1000 ft winds were missing. Missing
radarwind observations at low levels usually occur in'very light wind conditions and on 80 of the 92
days surfice winds were reported as less than 5 knots. Assuming that similar winds existed at
1000 ft, only four inversions would not have been penetrated in the 80 days. Making the extreme
assumption that none of the inversions (8) that occurred on the other 12 days was penetrated, there
would be 99 cases of non-penetration out of 565 days or a percentage frequency of about 18 per cent
as before. ‘

~.4. THE EFFECT OF CHANGES IN SOURCE STRENGTH.
' AS INDICATED BY APPROXIMATE FORMULAE

Table 3 shows that for A = 2.2 x 104 m3 deg sec-l and wind speeds up to 20 knots, zyu
is approximately constant. This is because, in this case, the first two terms of eqn (4) are large
compared with the third term, so that xZ ~ q or

i

...... (7)

Zl— q

Substituting . c .112 uand k = .01 u, we have

zy =< const. (A/Ge)%/u .......... v (8)
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Taking 0 as 290°C, when u is given in knots and A in m> deg. sec”

e

2]~ 25.93 ,
u

In Fig. 3, with w, and 9' as co-ordinates, lines of constant z,, for winds of 5, 10 and 20
knots and for R, = 3.5 m, are gwen as obtained from eqn. (4) (or (1)). These can be compared with
the approx1mate values of z; from eqn. (9) which are given by the lines marked z; u = const. It can
be seen that the higher the values of 0', and the lower the values of w, the better is the approxima-
tion. The reason for this is obvious from consideration of the terms 1n the coefficients q and r in
eqn. (4). For values of w, and 8'_ below the line marked "5% error u = 10 kt" eqn. (9) gives z;
with an error of no more than 5 per cent for winds up to 10 knots. Dots on the lines z; u = cornist.
mark corresponding points for wind speeds of 5 and 20 knots - the lower the wind speed the larger
the area over which the lines zpu= const. can be used to gjve z; to within 5 per cent. It can be
seen from Fig. 3 that eqn. (9) is accurate to within 5 per cent for u = 20, 10 and 5 knots when .
wo/O'o is 1ess_than about 0.1, 0.2 and 0.4 respectively.

A check on the effect ‘of varying R shows that errors of the same order result when R
doubled or halved. For the likely range of values of 8, at Australian stations, by taking 0, as
constant at 290°C resulting errors in z] will be generally less than one per cent. Cons1der1ng the
doubts regardmg the values of ¢ and k,~eqn. (9).is sufficiently-accurate for values of u w /9'

(u in knots, w, in m sec” "~ and 8'_in ©C) less than about 2.0.

An approximation to the ceiling height can be obtained by substituting eqn. (7) and k =
0.1 u in egn. {6) to give ’

~ 5
2o > %) (1+ — ) .......... (10)
| 3(1+__4_& __1
9

When the term containing aee/ dz is smali

8

z
A ~ 1

N 3 P (11)

As an example of the accuracy ot the approximate formulae, Table 5 compares values of
z] and z, obtained from éqns. (9) and (11) with Priestley's calculations in his Tables 2 and 3. In
obtammg z, Priestley assumed- -1 e/ 9z = O.

Table 5. Comparison of z) and z_ given by eqns. (9) and (11) with those in Priestley's
] ‘Tables 2 and 3
(* Correct value supplied by Dr. Priestley) '

W, - e'y : A Wind z(ft) B z.(ft)
(m sec”!) (°C) (m3 °oC sec™})| speed : ' ' . -
(kt) . | Table 3 Eqn. (9) _ Table 2 Eqn (11)
9.45 180 1650 8.4 61 63 - 166% | " 168
9.45 180 1650 " 20 - 26 . 26 7. - 69
9.45 180 1650 16 32- 34 . 89 - 91
9.45 " 180 1650 11.4 45 47 _ 124 - 125
8.54 25 ' 78 6 | 43 42 108 - | 112
‘8.54 " 25 ' .78 .1 8 32 .32 83 . 85
10.80 149 1700 12.2 | 45 45 117§ 120







