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ABSTRACT

The implications of the equivalent barotropic model are
briefly reviewed and it is shown how fields of vertical
velocity and diabatic heating inherent in the model may be
derived analytically. The techniques employed are then
extended to produce a consistent group of one-level numerical
forecast models especially suited to sparse data areas such
as the Southern Hemisphere. The general form of the
prognostic equation for all these models is shown to be the
same. Provision is made in the more sophisticated models
for the input of diabatic heating and vertical velocity fields
at an upper and lower boundary as part of the initial data.
All models enable these fields to be computed from the
contour pattern at the forecast level or at any arbitrary
isobaric surface within the vertical extent of the atmos-
phere under consideration.

1. INTRODUCTION

Numerical studies of the atmosphere in the Southern Hemisphere are severely
handicapped by an extreme paucity of upper air data in that region, especially over the oceans.
Thus in a recent study of objective analysis methods for an area including Australia, and
extending from 10° to 50°S and from 105° to 170°E, the author (Jenssen,1963) was unable to
treat some 15 per cent of this analysis area due to a complete lack of observations. An earlier
study of numerical forecasting (Jenssen and Radok, 1960) had demonstrated that the final fields
were drastically modified by relatively minor changes in the initial 500 mb pattern over the
Southern Ocean, these changes being effected so that the entire height field remained consistent
with the available observations. ‘

Such a lack of adequate data will also affect the synoptic meteorologist. In preparing
an analysis for the ocean areas he will not only use his intuition but will call upon his wide
experience and the previous history of the analysed systems. In particular, the current data
together with its implications will be extrapolated and interpolated into the meteorologically
silent areas, whilst at the same time vertical consistency of charts for all levels will be
ensured. By such means the station observations will gradually extend their influence over
wide areas both in the horizontal and in the vertical, Thus the total information received is
almost fully contained in any single isobaric chart, and attempts at an 1ndependent spec1f1cat1on
of conditions at different levels become largely academic.

Part of the rationale for the utilisation of multi-layered numerical forecast models
rests upon the assumption that the information implicit within more than one level is
substantially greater than that of a single chart. As argued above, this will not be so in the
Southern Hemisphere. When this is considered in conjunction with the fact that multi-level
models have failed, by and large, to bring significant improvements to the performance of the
basic equivalent-barotropic model, the argument for the fullest possible exploration of the
potentialities of one-level models becomes most powerful.



Such an exploration is initiated in this paper for a family of models which are derived
from the basic assumption of the equivalent-barotropic model. The implications of the latter
have been outlined by Jenssen and Radok (1964); a more rigorous and complete discussion is
given in Section 2 below, and leads on to a survey of related models, involving implied or
prescribed fields of vertical velocity and diabatic heating, in the remainder of the paper.

2. IMPLICATIONS OF THE EQUIVALENT — BAROTROPIC MODEL

The discovery by Charney (1949), that the barotropic non-divergent vorticity equation
holds not only for the vertically averaged atmosphere but also for a special level in a baroclinic
atmosphere with coincident isotherms and contours ("equivalent-barotropic'"), enabled the
changes in the contours of that level to be predicted utilising only the hydrostatic, continuity,
and vorticity equations. That the energy equation nevertheless remained relevant seems to have
been noticed first by Burger (1960). Independently Jenssen and Radok {1960) demonstrated first
that the equivalent-barotropic atmosphere had an implied vertical velocity field, and later (1964)
that in conjunction with the energy equation~there is also implied a definite three-dimensional
field of diabatic heating. An outline and extension of the argument of the latter paper forms a
convenient starting point for the present discussion.

(a) The Forecast Equations

In its strict sense the condition of equivalent barotropy makes use of the assumption
that the isotherms and isohypses coincide on any constant-pressure surface. The thermal wind
is then parallel to the geostrophic which therefore retains its direction, though not necessarily
its magnitude, with changes in height. For the actual, non-geostrophic, wind this assumption
may be replaced by the slightly less restrictive condition that
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where A is a function of pressure alone, and the average is defined by
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It is clear that when the wind is strictly geostrophic, condition (1) is identical with that of
equivalent barotropy.

Equation (1) also implies that the relative vorticity behaves analogously to the
winds, for when the-curl of this expression is taken it is seen that

¥ = Ag , C(3)

The classical development of the equivalent-barotropic model, as given for example
by Thompson (1961), is to consider the simplest consistent form of the vorticity equation
(Hollman 1956):

B V(34§ = =FAY . (4)
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where F is the mean value of the Coriolis parameter over the forecast area. Throughout
this paper VW operations and differentiations with respect to x, y and t are carried out with p
held constant. Equation (4) is then averaged vertically, using equations (1), (2) and (3),
between the.isobaric surfaces py and p*. As a rule, P, is taken to be 1000 mb and p* to be
representative of the tropopause, about 250 mb, say. The integration leads to the forecast
equation



(A
'a'i" + Y 9(T, 44)

. 2 . .
where the level n is deined as that for which A = A", and is clearly one of non-divergence.
The averaged divergence has been taken to be zero, an assumption which is tantamount to
having zero vertical velocities at the boundary surfaces since
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and the case Uy = W* need not be envisaged in practice.

An immediate generalisation of equation (5) results when it is multiplied by A/An:

%% + \J.V(%} +-§-) z 0 _ .. {6)

Here the forecast variables are no longer restricted to the level n, so that whilst the above

equation retains the essential simplicity of the non-divergent form it is now valid for any

isobaric surface. Itis no longer necessary to assume that the working level be identified with

that of non-divergence, only that the latter surface exist, in fact, in some region of the
atmosphere. It is not even necessary to assume that it remains fixed as an entity in space
throughout the forecast, for any changes in its location are simply accounted for by a corresponding
change in the ratio A/An resulting from changes allowed in the top boundary pressure. The

best choice of a forecast level is that which behaves representatively as an '"average atmosphere'':
both theoretically and practically the 500 mb surface answers this requirement,

The divorce of the working level from that of non-divergence provides a good deal of
theoretical latitude for the choice of the A function (Jenssen 1963), and wide range of these may
be constructed to fit the observed data. Possibly the most versatile form, and the best fit, is
that for a polytropic atmosphere. As is shown in the appendix this is:

A= Ayt A -("/n,)m/s]

Where A, refers to the lower boundary, A’ is a constant depending on the value of p*, [
is the lapse-rate and R the gas constant. It is also shown in the appendix that the square
bracketed term may be expressed as r (z - Zb)/Tb, where Z is height and Tb the lower
boundary temperature. Hence the polytropic A function is simply a linear function of height,

(b) The Implied Vertical Velocity

Since both equations {4} and (6) apply to an arbitrary level they clearly must be
equivalent forms of the vorticity equation for that level, Subtraction of (6) from (4) shows that
the continuity equation implied by the latter is

'b_ag = -‘-(\-A_"‘)V.VS e (7)
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Thus the divergence at the general level is compensated through the advection of relative
vorticity by an amount in direct proportion té the distance of the working level from that of
non-divergence. This is so since divergence requires advection of mass brought about by the
motion of large-scale systems, which in term are associated with characteristic vorticity
distributions. The greater the divergence, or distance from the level n, the greater must be
the corresponding vorticity advection.



Making use of equations (1) and (3), Eq. (7) may be written as
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Integration of this from P, to P, results in
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yielding an expression for the vertical velocity at an arbitrary level in the equivalent-
barotropic atmosphere. When use is made of a realistic form of the A function, such as the one .
of the previous section, the vertical velocity profile above any point on the Earth's surface is of
a quasi-parabolic shape similar to those most frequently employed on empirical grounds by
many workers - for example, Sawyer and Bushby (1952) and Gambo and Isono (1962).

Radok and Jenssen (1964) pointed out that the integral in Eq. (9) is relatively
insensitive to changes in the form of the A function, and that the sign of the vertical velocities
is synoptically realistic inthat Eq. (9) inplies ascent (lower convergence and upper divergence)
ahead of depressions and descent {lower divergence and upper convergence) in their rear. A
detailed discussion of the implied &-fields computed from both mathematical and observed
contour data will be reported elsewhere.

(¢} The Implied Diabatic Heating

In its most general form, the problem of meteorological dynamics may be formulated
as a set of seven scalar equations in four dimensions and containing seven unknowns - see) for
example, Thompson (1961), chapter 2. Most of these have already been used in both explicit
and implicit forms, the exception being the thermodynamic energy equation. This evidently
must be satisfied in the equivalent-barotropic atmosphere, even though there has been no need
to have recourse to it in the derivation of the forecast equation. Following Thompson (1961), the
thermodynamic equation is written in the form
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where X is the ratio of the specific gas constant to the specific heat capacity for dry air,
d0/dt is the rate of diabatic heating, and the static stability, ¢~ , is here defined as

L) .1

3fe 2

in which f is the density.

The implications of the above equation are most readily appareht when the geostrophic
approximation is employed, for in this case it follows from (1) that the contour heights must
obey a relation of the form

Z = A-'z. + B ee.{12)

where B is some function of pressure alone. It is shown in the appendix that an analogous
relation holds even when a stream function computed from the balance equation represents the
wind. Although B in that case depends on the horizontal coordinates, it has near zero
derivatives, so that no substantial changes in the following discussion will result.




Utilisation of (12) in equation (10) yields
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The equation determines the diabatic heating dQ/dt in terms of the height tendency 82/ d t,

and the vertical velocity, &) , both of which many be obtained from the existing contour field.
The static stability is also determined, since it follows from (11) and (12) that
(X=1) da L diA
- ——— —— - — —
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The dominant term on the left of the above equation is that containing the vertical
velocity, and since @ as defined here is negative, the diabatic heating in the equivalent-
barotrophic atmosphere has the opposite sign to that of W . Thus ascent is associated with
heating and descent with cooling, as must clearly be the case, since in reality the dry adiabatic
lapse rate is never exceeded in the free atmosphere. On the other hand, as stated in the
previous section, the implied vertical velocities have been found to be upward ahead of, and
downward behind, cyclonic systems, and hence these regions must also be associated with
diabatic heating and cooling, respectively. It becomes necessary, then, to ascribe the deduced
heating patterns to quite different physical processes, namely, release of latent heat in
advance of the low and clearing skies with radiational cooling in its rear. While this inter-
pretation obviously exceeds the framework of the equivalent-barotropic model, it may provide,
at least in part, an explanation of its unexpectedly good performance.

In summary, then, there is clearly more to the equivalent-barotropic atmosphere
than the fact that the vorticity equation takes on a non-divergent form at the level n; rather,
the baroclinicity of this atmosphere, represented by a constant-direction thermal wind V

and its solenoid vector N & va ;(V(‘/f) , has far-reaching consequences for the fields of

vertical velocity and diabatic heating that are inextricably involved in such an atmosphere,

It seemns natural then to inquire into the effects of relaxing certain constraining assumptions
which have been made in the discussion to date. Thus, for example, allowing the vertical
velocities at the boundary levels to have non-zero values and to be functions of the horizontal
coordinates: or again, to specify the diabatic heating at theselevels as part of the initial
conditions, thereby introducing information not contained in the isobaric charts. Other
degrees of freedom are provided by different specifications for the wind field, in particular
stream functions, with and without acceleration effects, which are computed from the
pressure-wind relation of the balance equation.

These extensions of the equivalent-barotropic assumption will now be explored,
following some preliminary remarks concerning the stream function representation of the
wind field.

3. THE STREAM FUNCTION

The utilisation of the geostrophic wind in early numerical forecasting was dictated
primarily by the fact that it has the property of filtering out the meteorologically uninteresting
solutions to the vorticity equation without undue modification of the Rossby wave solutions.

It was soon discovered, however, that the forecasts produced from the simple barotropic

model suffered from the problem of spurious anticyclogenesis, and Shuman (1957) in a study of
this effect concluded that it was due largely to the fact that the geostrophic wind is not strictly
non-divergent. On the other hand, as he pointed out, the incorporation of any non-divergent wind
into the forecast equation will greatly reduce errors of this nature, whilst at the same time
such winds will also act as efficient filters against meteorological noise (see, for example,
Thompson (1961)), Charney (1955) derived the so-called balance equation which enables a
non-divergent stream function to be computed directly from the observed height contour pattern
of the isobaric surface under consideration. This equation, which results by taking the scalar



product of the del operator and the horizontal equations of motion, and then replacing the wind
by a non-divergent stream function, , is

fope ) -1

The term in square brackets is directly attributable to the acceleration terms of the equations
of motion, and thus will be small except in regions of extremely high curvature. Its non-linear
nature has the unfortunate effect of allowing the balance equation to be of the elliptic type only
if the absolute vorticity satisfies certain criteria (see 'Arnason (1958)), and makes the

solution of (14) correspondingly difficult to attain.

If it is assumed that the acceleration is small everywhere, then "J , which for this
case may be designated as a geostrophic stream function, satisfies the relation

vy +-;-VW.V§ z %V’z ...(15)

In-the models discussed hereunder, both the full stream function and its geostrophic form will
be employed to give the wind field - equations {14) and (15), respectively.

4. THE MODELS DERIVED

(a) General Comments

The ensuing discussion is best followed if certain general concepts and formulae are
borne in mind: the latter will be successively modified by each of the models in turn, but the
underlying principles will remain essentially unchanged. The set of models all make use of the
assumption

VNV
which, in turn, impiies that
37 AT

Three representations of the wind are employed. The first has been utilised in the discussion
to date, namely the geostrophic approximation:

V= LRxVZ.
; L)
The second and third have been treated in Section 3, and are stream function representations

derived from the balance equation. When the acceleration terms are assumed to be small, the
contour -wind relation is

2 \ - 2
Ty 4 £Ie5E = %vz,
whereas when straight line flow will not suffice, the balance equation becomes

Tye FI - ﬂ(%f %{) - (%‘J . ;?.V‘z,.



All three winds imply

2:=A7Z + B,

where for the geostrophic case, A and B are functions of pressure only; for the geostrophic
stream function B is a function of the horizontal coordinates with a zero gradient; whilst for the
full stream function VB is non-zero: (see appendix).

Three main groups of models will be derived from the vertical averaging of the
simplest consistent form of the vorticity equation given by (4). For the first group (set M)
the averaged divergence is assumed zero; for the second (set N) the lower boundary vertical
velocity is taken to be non-zero, the lower boundary being above the friction layer; and for the
last (set O) the upper boundary vertical velocity is also assumed non-zero. The depth of the
atmosphere for the third set may be fixed arbitrarily. The first set does not require any
input diabatic heating field, the second needs that at the lower boundary, whilst it is necessary
to specify heating at both the upper and lower surfaces for the third group.

Each group is further subdivided into three, by using the different forms of the wind
representation already given. Two variants of models N and O under geostrophic stream function
conditions exist: the first does not assume that Y B is strictly zero, the second does.

In the interests of clarification, the general results of systematic application of the
assumptions above to the equivalent-barotropic will also be given. For all models the
forecast equation is of the form

.:_t(’smx,\ ‘W'V(FS FIX ) ¢ ﬁéb r €Q, =0 ...(16)

Here X, and Xz may represent either the contour height, Z, or the change in this
variable with pressure, ® z] @ p, depending on the model selected. The quantities

£, (3 ,¥. § ., and € , are all functions of pressure alone, and together with Q,
and Q, will be explained in succeeding sections.

The implied vertical velocity is
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where wb and w{; , which correspond to (A)o and (;.)* , need not be zero, nor need they
apply at 1000 mb or about 250 mb. The boundary pressures are given by Py and Py in turn
corresponding to pg and p* .

Finally the implied diabatic heating distribution takes the form

] = ?:{Gw VY_ +,_:VW-VX] ...(18)
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Here J is a function of pressure only, while /u may be either zero or unity. Q is a shorter
notation for dQ/dt.

The exact form of the various quantities depending on pressure will be brought out
in the subsequent development, as well as difficulties encountered in some models with the
integration of the forecast equation. The solutions to these problems are outlined, and they
are therefore merely ancillary and will not affect the form of the equations above.




It must be stressed that the vertical velocity and diabatic heating distributions deduced
herein are in no manner necessary for the progression of the forecast. They are by-products
only, and it remains to be seen whether the () and dQ/dt fields may also be used for prognostic
purposes or not,

(b) The M Models

(i) The Ml model

This first model is very closely linked to the standard one dealt with in some length
above in Section 2. It differs from the latter in that it must not assume that the integrated
divergence is zero at the level where the wind takes its average value. This avoids the
complications which arise when A_ = A = 1. The utilisation of equation (6), or any of the
modifications to be considered hereunder, implies that the working level is representative of
the atmosphere as a whole. If this level is also non-divergent Eq. (6) reduces to Eq. (5), the
standard forecast equation for the barotropic model, and extensions of this basic model are
thereby precluded. This, however, is the purpose of the present study.

It must be realised that the exact location of the non-divergent level should be
deduced from the day's observations, and a choice for the A function made accordingly. In
purely experimental work it is not necessary to know where this level is in fact situated, since
many cases can be processed, each assuming a different location for that surface, and the
resulting forecasts analysed thoroughly. The "best" forecast (in whatever sense "best" may
be used) should be the one for which the theoretical location of the non-divergent level agrees
with that observed - or, at worst, with the level of least divergence observed. The computation
of a large numer of forecasts for a given case will, of course, provide a basis for the
validation of the theory. It may also lead to empirical corrections for the choice, and form,
of the A function.

The fact that A, is not equal to A will not affect the form of the forecast equation for
the simple equivalent-barotropic model, or of the implied vertical velocities and diabatic heating.
A comparison of equations (6) and (16) shows that for model Ml,oc =¥ =6=€= 0,

ﬁ = An/A, and X, = 'Xl = Z. On the other hand, it is seen from equations (9) and (17) that
for the implied vertical velocities, &, = ALEN Finally from Eq. (13) it is clear that the
general equation for implied diabatic heating, Eq. (18), must have

X =z

g - (dA/dp)/A and
M=o

The geostrophic vorticity is given by the well-known form

s 17’2
L

whilst the term \V. V‘ ) becomes fg J(Z, ( )), where J is the standard form of the
Jacobian in two dimensions.

(ii) The M2 model

The first modification to this system of equations results from relaxing the
restriction of the wind to be strictly geostrophic, and uses instead the geostrophic stream
function,



The forecast equation is exactly the same as that for M}, all the parameters having
identical values, whilst the vertical velocities also remain unchanged. The thermodynamic
equation, on the other hand, is slightly altered to cope with the fact that B of equation (12) is a
function of the horizontal coordinates. In order to deduce the diabatic heating under such
circumstances, the thermodynamic equation must be used in the more complex form of
equation {10), with the quantity © z/ Qp replacing Z. The computation of 02z / dp is made
by solving the differential equation which results when the balance equation in its geostrophic
form is differentiated with respect to pressure. This can be further simplified: 1if (1) is
assumed, and a stream function substituted for the wind, then

Y= Ay + B (19

where B’ is a function of pressure alone. Performing the differentiation, equation (15)
becomes

.(20)
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This may be solved for z/ a P, provided suitable boundary conditions are employed, for
example

[} 2 . E_(_T_)b'ﬂd
(*2/2b)yrs, -

In other words, the forecast and vertical velocity equations are still given by (16) and (17) for
M; without any changes, but the implied diabatic heating (equation (18)) now has $ = M = 1,
and X = 0z/08p.

For the stream function the relative vorticity is

A

whilst

V.S ) T Ty, 0)

(iii) The M3 model

The third model in this initial group employs a full stream function for the wind field.
It is clear that the prognostic, vertical velocity, and diabatic heating equations are those for
M3, but that 3 z/ ap must now be calculated from the full balance equation. Differentiating
this with respect to pressure and using (19) leads to

)= £ oot -HENE) -] o

The boundary conditions are those for MZ'
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(c) The N Models

(i) The N1 model

The three models developed in Section 4 (b) involved the assumption that the
divergence term of the simple vorticity equation (4) when averaged vertically is zero. While
it appears reasonable to assume that the vertical velocity at the tropopause is zero, it is not
so certain that (J)g vanishes, especially if the lower boundary is chosen to be above the
friction layer, say at 900 or 850 mb. The basic assumption of these models - equation (1) -
actually does not apply equally well throughout the entire tropopause, for as is well known,
frictional effects near the ground will cause the wind to change direction with height, at times
by some tens of degrees. In order to avoid complications arising from the ground layer, the
lower boundary will now be taken to be above this region, and the vertical velocity there, now
designated ch , is assumed non-zero. Equation (6) becomes under these conditions,

L A. - AFW
= b \\/.V(TE . j-) —-(Pb-\:') .. (22)

Here, in order to obtain a forecast equation which applies at one level only, the quantity ¢)

must be replaced in'terms of the wind, vorticity and diabatic heating fields. This is accomplished
through the use of the thermodynamic equation. For the model N, the winds are assumed
geostrophic, so that equation (13) holds. At the lower boundary it becomes

I (day 2% X @
- b -J - f w & - — Q .
Ab(ap)b 2t L TN b

In view of equation (12) this may be expressed as

| dA 92 - X
A \db 4, B¢ IR
Substitution for &), as given by the above into (22) results in the generalised forecast
equation (16), where for this case

. .
Qb ... (23)

x‘=xz=z \
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Gy ( Py~ F°)

... (24)
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Obviously, if equations (16) & (24) are to be used for forecasting purposes the diabatic heating
field at the lower boundary, Qp, must be specified, or else put to zero for the adiabatic case,
It is not proposed to enter into a discussion of possible forms for the heating in the present
paper; but distributions have been given by many other workers {for example, Bushby & Hinds
(1954) Smagorinsky (1957 and 1963), Haltiner & Wang (1960) and Spar (1962)) but these may
require modifications, possibly extensive, to give them a measure of consistency for the
Southern Hemisphere,

Since &K is non-zero, the forecast equation will give the changes in the
quantity 3 + L2 . For the present model, all winds are assumed geostrophic so that
J’ +€z = 12 + o2 , and is a function of the contour heights only. The new
values of & at the*end of each time step may be simply calculated by solution of the
Helmholtz equation

L4t t-ot 3 &
.}V\z«cz N ] i..v"'z«t"b +16€{3-€(34(%)} ...(25)

where the last term is computed by means of Eq. (16) and Eq. (24).

The implied vertical velocities (other than at Py which can be deduced from (23)) are
found by comparing (22) with (4)., It is then seen that

W, AR, A(A An) =

L3

e Py~ P

and integration of this from p, to p yields the general form of the vertical velocity equation -
equation (17). For the model Ny, G =0, Pt = = p*, and (A) is given by (23). Having found

the GJ) field at the general level, the diabatic heating there follows immediately from
equation (18), with

e

V.97

Vap(%ep), w0 end X:2.

(ii) The N2 model

This is merely Nj but with the geostrophic wind replaced by the geostrophic stream
function, so that for this case (which does not make the simplifying assumption that the
constant B of equation {(A.l) of the appendix has a zero gradient) the thermodynamic equation
is given by Eq. (10). Calculation from this of the vertical velocity at the lower boundary, and
substitution into Eq. (22) yields the generalised prognostic equation (16) with

X = p & = (a—L) \
b A\

3 - AF/[Gb(Pb'P*)]

»

n

A
AF
s - t’/[e',,qa‘,-t:“)] ‘
AXF i
- /[sfbr,m-w] |

) ...(2_6)
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Complications arise here since the quantity which is advanced at each time step is

3' + (:_;')b (now defined as TU ), and with the use of a stream function is seen to be
a function of both and Z . If the forecast is to proceed, it is clear that some means must
be foundtwhich will separate these two fields from each other as combined in the quantity

t+A

TC This is accomplished by taking equation (20) at the lower boundary and
employing (19) to give

d
), - B[ frea]

When this expression is substituted into the definition of TU it may be seen that

L]
1 w "(‘(GP) 1
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Thus the forecast equation gives new values of TC , (27) allows the corresponding values of
Llj to be determined, and substitution into either

e (27)

(;{ : = (n-Thy)

or, which is equivalent,

da

1[0 (@ ) ! =

Y (é-P) = Job, [y - ;‘W'V’i] ...(28)
b ~F

will yield ( 0z/ a P)p- It is expected that the latter equation is to be preferred (even though

the computation time is greatly increased through the solution of a Poisson equation) since the

former involves the term JC . This field will not be as smooth as the Laplacians of the

stream function, and will suffervarom a larger finite difference truncation error since it

involves the differentiation of The height field computed from the equation above (28) will

thus contain errors which may amplify considerably during the course of a forecast, and will

almost certairly give rise to contours containing spurious small-scale features. The second

form of equation {28) will therefore be used rather than the first,

The vertical velocity field is again given by Eq. (17) with wt =0, and G)b being
found from

oL “Qp 2 u Ay [ 1
@y %{ TR P)b +--W-V(3Qb ’

The diabatic heating is found from Eq. (18) where ¥+ = /J- =1, X ={ az/ o p)
and the latter is calculated by solving the Poisson equation (20).






