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ABSTRACT

A quasi-geostrophic omega equation was solved at
seven standard levels over the Australian region for
two synoptic situations, one analysed objectively and the
other manually.

Frictional and orographic influences, introduced at
the lower boundary, did not extend to 500 mb but
significantly affected lower levels.

Decreasing the grid length resulted in a systematic
increase in computed vertical velocities, but the scale
characteristics of the geopotential and temperature fields
determined whether there was additional synoptic detail
in the vertical velocity pattern. '

A systematic decrease in computed vertical velocities
was associated with the truncation error of low order
approximations to the Laplacian and Jacobian operators.
Much of the systematic effect of a coarser grid could be
compensated by a higher order operator.

Discrepancies between some large scale features of
computed vertical vélocity patterns and corresponding
satellite cloud mosaics emphasized the need for a quasi-
objective method of ''feeding back' the cloud information
to the geopotential and temperature analyses.

1. INTRODUCTION

The development of an objective meteorological analysis system for the
Australian region, and its current extension to the Southern Hemisphere, have
emphasized the need for quasi-objective methods of using satellite cloud information
in routine analyses over the vast areas of sparse conventional data.

Investigations over areas of good data coverage have indicated corres-
pondence between large scale features of the observed cloud patterns and the patterns
of vertical velocity computed from routine analyses {e.g. Clark and Nagle 1968).
This suggests the possibility of comparing the observed cloud patterns over data-
sparse areas with the vertical velocity pattern computed from routine analyses.
Inconsistency between the two would indicate the possibility that the analyses were in
error,
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As a part of this larger problem, this investigation was concerned with the
quantitative estimation of vertical velocity from the commonly observed and analysed
elements of temperature.and geopotential. Of the methods available to do this,
solutions of various forms of the omega equation have been the subject of the attention
of many investigators (e.'g. Haltiner et al. 1963; O'Neill 1966),

In this study a ‘quasi-geostrophic form of the omega equation was used and
two synoptic situations were examined. Particular aspects investigated were the
effects on the computed vertical velocities of:

{a) frictional and orographic influences
(b) variations in the horizontal resolution

{c) the form of the finite difference approximations
used for space derivatives.

Frictional and orographic effects were investigated by Haltiner et al. in the
North American region. A similar investigation in the Australian region, with its
vastly different terrain, was considered to provide an interesting comparison.

The effect of grid resolution on vertical velocities computed in the omega
equation was investigated by O'Neill, also in the North American region. A purpose
of the present study was to examine at the same time, the role played by the scale
characteristics of the temperature and geopotential fields to be represented by the
grid.

Refining the grid reduces space truncation errors. It was investigated
whether another means of reducing the truncation errors, namely using higher order
approximations to the space derivatives, had a similar effect on computed vertical
velocities.

2. THE OMEGA EQUATION

The form of the omega equation used was:

2 Y 2 ‘ 2
o) v, - B 5= T T - s - BT L
ap
RT T . s .
where g(p) = p_ - a—p—, the average value of the static stability at a particular
c
p

pressure level, T is an average value of Coriolis parameter over the analysis area,
and the other symbols have their usual meanings.

) The theoretical development of this equation is given by Haltiner et. al.
The major assumptions made are that the flow is adiabatic, that the advecting wind
and the vorticity may be replaced by their geostrophic counterparts, that the atmo-
sphere is in hydrostatic equilibrium, and the terms arising from the vertical
advection of vorticity and the "twisting term" in the vorticity equation may be
neglected.
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: . . . . d .
In subsequent sections 'vertical velocity" will mean g, (=d—§), negative
values therefore indicating upward motion.

3. BOUNDARY CONDITIONS

To solve the omega equation numerically, it is necessary to specify the
vertical velocity at the highest and lowestlevels, and around the lateral boundary of
the analysis area at all levels. Zero vertical velocity was assumed at the highest
level {100 mb), and around the lateral boundaries, The following alternative lower
boundary conditions were tested:

(a) Zero vertical velocity at 1000 mb.

(b) A terrain induced vertical velocity
=V . ,

“r T © VPr
where Vo is the geostrophic wind (obtained by
interpolation) at terrain pressure p...
Strictly this vertical velocity should be applied
at the terrain pressure. Comparative tests were
made with the lower boundary at terrain pressure
and at 1000 mb. The terrain pressure was no-
where less than 850 mb, the second standard level.

(c) A frictionally induced vertical velocity
err °p V1 fr

F
fRTT

where P, VT’ T TT are pressure, geostrophic
wind speed, geostrophic vorticity and temperature at
terrain height, and Cp is the geostrophic drag
coefficient. This relation follows from the derivation
of ©T given by Cressman (1960), after neglecting the
term involving the horizontal variation of Cp.

wp is strictly applicable at the top of the friction
layer. Comparative tests were made with the lower
boundary at 1000 mb, and at a pressure 80 mb less
than terrain pressure (approximating the top of the
friction layer).

4. COMPUTATIONAL ASPECTS

(a) Input Data

Grid point matrices of geopotential and temperature at several atmospheric
levels are the input data to the omega equation. The grid network of 24x36 points,
at 137 n. mi. intervals, is illustrated in Fig. 1. The standard levels were 1000,
850, 700, 500, 300, 200 and 100 mb.

For one of the two situations examined, objective analyses produced by
the Australian region objective analysis program (Maine 1966; Maine and Seaman
1967) provided the input, with the exception of 1000 mb temperature. This is not
routinely analysed objectively, and was computed by linear extrapolation, using the
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850 mb temperature and the temperature at the middle of the 1000-850mblayer, obtained
from the 1000-850 thickness (assuming that the mean temperature of the layer was
the temperature at the middle of the layer),.

For the other situation, grid point values were obfained from manual
analyses. One reason for doing this was that the synoptic situation (a well developed
cut-off low over eastern Australia) was particularly interesting, and no objective
analysis was available. It was also thought that comparison with the results using
objective analyses might suggest some systematic difference between the two analysis
techniques,

Values of terrain height over the grid array were obtained from topographic
charts. The value at each grid point was the manually computed space mean over a
one grid unit square centred on the grid point. Pressures at terrain height were
obtained using a standard ICAO lapse rate.

Values of drag coefficient were approximated by a function of terrain height

Z 1 (feet), namely 0.002Z x 10-3, for ZT > 500 ft. For terrain below 500 ft and
for ocean areas, values of 1 x 10-3 and 0.2 x 10'3, respectively, were assumed.

(b) Finite Difference Approximations

For derivatives with respect to pressure the simplest ""centred difference'
approximations for unequally spaced data points were used, namely

(Jazw _ 2 Py -Pyluy PprPylug,
= o -
3 p° Py Py P -Py) |V (P Py, Py -Pp)
2T, . 1 (PprPylTy, (pM'PU ] pL'pM) -
3p'M (P -py) | (py,-Pyy) P Py PyPy M
_ P! Ty
pM—PU ’

where the subscripts L, M and U indicate values at lower, middle and upper levels,

When PM-Py = Py,Pyg = /Ap, these reduce to the fan:xiliar forms:

2% !

u - 2

5 = (mL ZwM + wU)
3p { ap)
oT 1

and 2= = — (T, -T.)
P 2AP LU
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Fig. 1 The grid point network for the Australian regionlobjective analysis.
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The numbering of points used in finite difference approximations.
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For the Laplacian operator the following two approximations were tested:

T +T,+T 4T, -4T

(i) VlZT = 2 :
d
) ; ZT . 4/3 (T1+T2+T3+T4) -1/12 (T9+T10+T“+T12) - 5T0
2 - 2

d

where d = grid length, and the subscripts refer to the points in Fig. 2.
Similarly, for the Jacobian operator the following forms were tested:

(Zl'zz)(Tz'T4) B (22'24)(T1'T3)

(i) J,(z,T) = .
1 44d°

(SZI-SZ -Z +le) (8TZ-8T -T T

37%9 4 T1otTy2)

() 7,(z,T) =
2 144d2

(822—824—Zlo+212) (8T1-8T3-29+Z“)
: 14-’-1d2

The formulae (i) are obtained from the simplest centred difference
2 . 2
approximations to Tax— and —a)—g, which have a space truncation error of order d .
| 3
The formulae (ii) use approximations with truncation error of order d .

(¢) Numerical Solution of the Omega Equation

Equation {l) is of the form

2
2
W+ Glp) 24 = Flp.x,y) e (2)
3p

where G(p) is known for each pressure level and the "forcing function'
F(p,x,y) is known at all grid points at each level.
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Equation (2) may be solved iteratively using an extrapolated Liebmann
relaxation scheme. On iteration number {n + 1) the approximation to the solution at
each grid point is

n+l - % * G'Rn
2

where Rn = Vwn + G(p) 5 T F (p,x,v)
ap

and @ is an over relaxation factor.

2

—a--z— and VZ are approximated by their finite difference analogues and the
ap
convergence criterionis R, < ¢ 2a pre-determined tolerance.

Miyakoda (1960) has theoretically derived the optimum value of & when
using an extrapolated Liebmann technique to solve an equation of the form

2 2
“vw + K22 = F(p,x,y) .. (3)
sz

where K is a constant independent of p, x and y. The choice of @ in such equations is
quite critical for rapid convergence and hence computational economy. Miyakoda
shows the optimum @ to depend upon both K and the number of grid points in each
co-ordinate direction.

Stuart and O'Neill (1967) and Stuart (1968) suggest that the theoretical value
of a applicable to equations of type (3) may be usefully applied to equations of type (2).
This was done, computing a different g at each pressure level. With a convergence
criterion of € = 10-5 mb sec-!, convergence was obtained in an average of about
13 iterations during the various tests performed.

5. GRID LENGTH

O'Neill (1966) reported that vertical velocities diagnosed by the omega
equation were very sensitive to variations in grid length. Smagorinsky et al. (1967)
reached a similar conclusion about predicted vertical velocities in a primitive
equation model. On the basis of observed precipitation, the computations with the
shortest grid lengths appeared to be the most realistic.

From a diagnostic aspect, it was thought that a relevant factor might be
the scale characteristics of the temperature and geopotential fields to be represented
by the grid. At the one extreme, a finer grid may permit introduction into the
analyses of much extra detail, based on raw observations, on a scale which could not
be represented by a coarser one. On the other hand, it may result in values at the
additional grid points very similar to those which would be obtained by low order
interpolation on the original coarse grid points. The former situation would occur
when the spacing of the raw observations was less than the coarser grid length, and
the latter when it was much greater. Tests were made on examples of both

extremes.
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6. EXPERIMENTAL PROCEDURE

The two situations examined were:

(1) 0500 GMT 6 February 1969
(2) 2300 GMT 15 March 1969,

Objective analyses were used in situation (1), and grid point values over the standard
objective analysis network extracted from manual analyses for situation (2). On both
situations the equation was solved several times, systematically varying the following

constraints:
(a) the lower boundary condition
(b) the grid length

{c) the finite difference operators.

In the following discussion, ""standard" conditions for each of the con-
straints will mean:

(a) zero vertical velocity at a lower bounda.ry
of 1000 mb

(b) a grid length of 137 n. mi.

2

(c) operators Jl, Vl

Unless otherwise stated, standard conditions apply to all but the constraint under
discussion.

7. RESULTS AND DISCUSSION
(a) Lower Boundary Condition

For situation (2}, Figs. 3a and 3b show, respectively, the 1000 mb geo-
potential analysis and the pressure (pT) at terrain level. Figs. 3¢ and 3d show W
and Yp computed as described previously.

The omega equation was solved five times, with the following lower
boundary conditions:
(i) zero vertical velocity at 1000 mb (standard)
{ii) wp at 1000 mb
(iii) wp at terrain pressure
(iv) wp at 1000 mb

(v) Wp. at the top of the friction layer.
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Fig. 3b Pressure pT [mb} at terrain level for situation 2.







