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ENERGY SPECTRA WITHIN CUT-OFF LOW REGIMES
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Central Office, Bureau of Meteorology, Melbourne

(Manuscript received September 1970)

ABSTRACT

The kinetic energy structure of two cut-off
low situations is measured by the application of
a numerical filtéring technique. The filters are
applied in both an east-west and a north-south
direction to 500 mb geopotential height fields and
the spectra for u and v components of wind -«
deduced. The results are summarised in four
kinetic energy diagrams for each situation
examined. Each diagram depicts the distribution
of the kinetic energy spectral density of u or v,
as a function of position and the easterly or
northerly wavenumber component, The results-
are quantitative and show the importance of being
able to resolve wavelengths of 1200 nautical
miles and less in order to adequately resolve the
cut-off low systems,

1. INTRODUCTION

Any meteorological parameter measured along a line will form a contin-
uous function which may be regarded as the superpositioning of pure cosine waveforms
of varying amplitudes and phases. From this function the energy spectrum des- .
‘ cribing the relative contributions of cosinusoidal waves at different wavenumbers can
be evaluated (Taylor, 1935; Pasquill, 1962). In this study this is done for the
particular atmospheric phenomena of cut-off lows using data extracted at the 500 mb
level.

Since cut-off lows are not repeated regularly in space or time but occur
as isolated random events, Fourier analysis is not a readily applicable method of
approaching the problem of resolving cut-off lows into their component cosine wave-
forms. A "numerical filtering' technique was used instead. Accordingly Appendix |
gives a brief description of numerical filters and their methods of application, and
details the characteristics of the particular set of filters used in this study.

The velocity field of the atmosphere is conventionally analysed by resoiving
it into the mutually perpendicular components u, v and w, in the east (x), north (y)
and vertical (z) directions respectively. The vertical component is normally at
least one order of magnitude smaller than the horizontal components and the major
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synoptic scale kinetic energies of the atmosphere can therefore be described by
specifying the four kinetic energy spectra associated with the variations of u and v
in both the x and y directions. These four spectra are defined by the power spectral
density functions

Su (Kx), Su (Ky), Sv (Kx) and Sv (Ky)

where S, (X,) d(Kx) is that portion of the variance of u, (G'Z)xs , measured in the

u direction, contributed by cosinusoidal wave forms in the wave number interval
Kx to Kx +d(K,), etc.

The longitudinal u spectrum,S, (X, ) is then found by applying the filters
zonally to the field, and the transverse u spectrum by applying the filters meridion-
ally. Analagous operations on the v field produce the S (Kx) and S, (Ky) spectra.
The application of a filter pa1r+, centred on wavelength ratlo re (see Appe_ndix 1)
and having bandwidth 2h, across a line in the u or v fields isolates an effective
input component wave of magnitude C(r.). The average spectral density over this
waveband will then be o

. _CZ(I‘C) |

2h -

S(rg) = '}2'

In this manner the successive application of the seven filters leads to an estimate
of the total kinetic energy spectrum.’

2. METHOD

The observations available for analysis contained geopotential height fields
which were more complete than the component wind fields. Accordingly the 500 mb
geopotential height fields were used as the basic data and the windfields approximated
by the geostrophic wind. Since the transfer functions of numerical filters are actually
linear operators,the filters were applied directly to the geopotential height fields and
the corresponding geostrophic wind component waves then calculated as described
below.

* Conventionally the wind components u and v are expressed as
u=u+u and v =V + v', where the bar indicates a mean
value and the prime indicates a departure from the mean.

+ The term filter pair refers to match1ng s1ne and cosine fllters
(cf. Figure 2A).
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For each situation the geopotential height was extracted at each grid point
of the 21 x 21 grid shown in Fig. 1. The grid is arrayed such that the east-west
spacing is 3° longitude at all latitudes so that a given value of wave length ratio r
refers to the same wave number per latitude circle for all latitudes. The north-south
grid spacing of 2° lat. is constant over the whole sampling region. The grid spacings
are chosen to be sufficiently small to be sure of resolving any wavelength detected by
the Australian upper-air observation network,

The procedure used is shown schematically in Fig. 2. The {filters des-
cribed in Fig., 2A of the appendix were applied in an east-west direction at each grid
latitude, and in a north-south direction at each grid longitude. Each application of a
filter pair in effect defined a geopotential height wave of the form

® (rc) = C(rc) cos (2nmrc + w(rc))’ ‘ (Z)

The associated geostrophic wind component waves were then calculated from these
height waves as follows.

(a) Determination of the Longitudinal Spectra :

Sy (Kx) and S, (X,) are determined in a similar fashion. For convenience
only S, (Kx). will be presentéd in detail,

Let C(rc), w¥(re), C'(re) and y¥(r.) be the amplitudes and phases of
component height waves isolated by the same filter pair (centred on r_) when it is
applied to two adjacent latitude circles of the sampling grid. If the distance between
these latitudes is A metres then the finite difference approximation i;o}the zonal
geostrophic wind ug, contains the component wave . .

i B o .
ug(rc) = _E: [C'(rc) cos (2m_nrc + ¢r) - C(rc) cos (2mmr_ + .y) | ... (3)
where f is the coriolis parameter.. (The factor of 10 arises in the conversion of

the geopotential height from geopotential metres to m kg sec units. )

By putting a = C('rc) cos ¢ - C'(rc)"cos g
and B = C(rc) sin ¢y - C'(rc) sin '
equation (3) reduces to .
u tr ) = 10 (a cos 2mmr_ - B sin 2mmr ) (4)
g ¢ fAs c c e
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This illustrates ug(rc) as a cosine function of wavelength ratio r_. and

Cc
1
2

1
amplitude 10 (a2 + B2)%, since o and g are constants for given values of C(r.),
S ,

f2a
C'(re)s ¥re) and y'(r.). The average kinetic energy of such a wave is } (amp)2
and upon algebraic manipulation this becomes ’

50
2532
f}\s

K.E.

[cz(rc) + 02 - 20(r) C'(x) cos (bx) - ¥ ED)|  ...(5)

This then is the kinetic energy per unit mass due to the variation in the x
direction of the u, component of wind re sulting from those input wave components
lying within the waveband isolated by the filter. By repeating the process for each
filter, equation (5) gives a value of the kinetic energy describing the u-x spectrum
for all the seven wavebands which together cover the entire range from r = 0 to
r = 0.5. These kinetic energy values are converted to spectral densities as previously
described in equation (1).

(b) Determination of the Transverse Spectra

The transverse spectra S, ( Ky) and S,

( Kx) are treated in a similar
fashion, For the sakeof convenience only the S, ( Xy)

x) Wwill be discussed here.

The spectrum describing the variation of the meridional geostrophic wind
vg in the x direction was derived{rom the results of filtering the geopotential height
field zonally. To compute the vg (rc) perturbation resulting from the appropriate
geopotential height wave described by equation (2), it is necessary to compute the
east-west geopotential height gradient. Differentiating equation (2) with respect to
x gives

8<I>(rc) N(rc) 211rc . ’
= = - C(rc) sin (21rmrc + \p(rc)) ... (6)
ax Agdm Ag
where x = x, + m A, for m = -10 to +10.
201rrc : I .
Thus Vo (r) = o - C(r ) sin (2mmr + y(r)) .o (7)
s
The wind component is periodic, having a wavelength ratio of r, and an
amplitude of Zo%ggicl . The kinetic energy-per unit mass of such a wave is then
given by '
2001:21-c2 C2(r) .
K.E. = — < , ...(8)

representing that portion of the v, kinetic energy contained in tho se input wave
components, in the x direction, isolated by the numerical {filter.
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Again by applying all seven filters and converting the kinetic energies
computed by equation (8) to spectral densities theS,(Ky ) spectrum describing the
variation of the kinetic energy associated with wave perturbations of Vg in the x
direction was built up.

3. CASE STUDIES

Two separate cut-off low situations were studied, 2 to 8 August 1967 and
21 to 25 August 1964. The 500 mb 2300Z geopotential height analyses for these
days are shown in Figs., 3 and 4. In both cases the position of the analysis area
(the 21 x 21 grid network).was held constant while the cut-off low moved through the
region.

The numerical filters were applied to each day of both cut-off low sequences,
however for the sake of clarity only those results which are considered significant
are presented here. These are the situation at the start of a sequence (when the low
was well out of the sampling area); the situation for which the upper-low was in the
centre of the sampling area (the spectra estimated are therefore representative of
the cut-off low regime); and the situation at the end of a sequence when the low had
passed beyond the sampling area. The intermediate days (not shown) are represented
by transitional states between those given.

At each pbsition for which the numerical filters were applied, the technique
produced (as output) the value of the average kinetic energy associated with each of
the seven wavebands used in the process. A second order interpolation routine was
then used to effectively fit a curve to these kinetic energies giving a smoothed energy
spectrum for that particular position. The results presented here give the spectral
ordinate of kinetic energy as a function of latitude or longitude (on a linear scale)
and the wave number component (on a logarithmic scale) There ai‘e four such
kinetic energy diagrams (describing the Sy (K, ), Sy (& and S, (Ky)
spectra) for each situation examined and they are presented m ]:'ylgs 5 to 12 The
dotted line in each chart is an estirated latitude or longitude of the centre of the
cut-off low.

(a) Representativeness of Spectral Analysis Technique

Atmospheric flow can be regarded as being similar to turbulent motion
about some mean flow and thus the concepts of turbulence theory (Taylor, 1935;
Pasquill, 1962) can be applied to it. This theory proposes that for turbulent flow
the Eulerian velocity of a fluid varies continuously in space; the space correlation
coefficient R(s) between two points a distance s apart indicating the extent of the
interdependence of the two velocities at these points. G.I1. Taylor (1938) showed
that the Fourier transform of R(s) is the kinetic energy -spectrum of the motion.
Consequently if the form of R(s) is known then the kinetic energy spectrum is
implicitly known, Approximations to the form of R(s) and the autocorrelation )
coefficient R(t) have been made by Edinger and Rapp (1957), Murgatroyd (1969), and
others. One such approximation is given by

R(s) = e @8 cos bs ' ... (9)

\
where a and b are constants. This form was used by Spillane (1969) with a = 0, 074
and b = 0. 072 as being representative of the stretch vector correlation coefficients






