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ABSTRACT

Two possible methods of treating the atmospheric boundary
layer in numerical models of the atmosphere are described,
and their advantages and disadvantages discussed. It is
assumed that the model is one which computes successive
values of certain variables at grid points fixed in the
horizontal and vertical.

The first method calls for a modelling of the boundary
layer above a level of, say, 20 m. In order to do this, the
results of sub-grid scale mixing processes above 20 m must
be modelled, and the uncertainties here are the weakest part
of the procedure.

The second method involves the parameterising of the whole
i boundary layer, and is more economical in that it does not
attempt to describe detailed structure. Its defects are that
its accuracy is at the mercy of time and space variability,
the proper taking account of which is as yet not possible;
| and that it is not valid in at least the inner tropics.

Essentially both methods consist in interpolating on nomo-
grams. The information contained in the nomograms has been
distilled from the results - of a number of Australian
expeditions.

LIST OF SYMBOLS AND SUGGESTED UNITS

b (subscript) : Refers to the top of the boundary layer

A,B,C,D : Universal functions of stability, s, experimentally determined
(dimensionless)

c : Specific heat of air at constant pressure, mechanical units

P (erg gm‘l deg'l)

. -2 -1

E : Evaporation rate, (gm.¢m s )

E : Potential evaporation, i.e. evaporation occurring when the surface

P is wet and air in contact with it saturated

f ¢ Coriolis parameier, 2 Q sin ¢, where @ is the rate of rotation of
the earth (sec™ )

FM : A function of £ = z/L for computing momentum flux
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A function of ¢ = z/L for computing heat flux
A function of ¢ = z/L for computing water vapour flux

Acceleration due to gravity (cm s-z)

Heat flux into the ground (erg cm_zs-l)
Heat flux from surface to air (erg cm_zs_l)

~

2
f b(ﬁ-ﬁb)dﬁ (20 arbitrary and small) (dimensionless)

n

N

(Eo arbitrary and small) (dimensionless)

f b(é—é Ydz (20 arbitrary and small) (dimensionless)
z

Z
f b(ﬁ—ﬁb) (é—éb)di (20 arbitrary and small) (dimensionless)

~

[¢]

z
f b(G—Gb) (§-§b)d§ (20 arbitrary and small) (dimensionless)

~

N

o

Similar to the last three items respectively, but with q replacing 8
von Karman constant, taken as 0.4

Coefficients of eddy transfer of heat, momentum and water vapour

(cm

Mixing lengths for heat, momentum and water vapour (cm)
Obukhov length, ui/{k(BT* + egq )} (em)

u*/f (cm) (but put = 106cm (for Method I only) when within
7 degrees of latitude of the equator)

A dimensionless number having value 1 when £ 1 and c‘l when
6 >z > 1

Specific humidity (dimensionless)
-E/(pu,) (dimensionless)

Dalton‘number, -E/(pu) for Method I and —E/(pVb) for Method II
(dimensionless)

Downward long wave radiation at the ground (erg cm_zs_l)

Richardson number, g élneldz.(éu/dz)_z (dimensionless)

Surface Rossby number, Vb/(zof) (dimensionless)
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Stability parameter, (BT* + agq*)/(f u*) (dimensionless)
Stability parameter, (BA® + eghAq) (£ Vb) (dimensionless)

Global radiation (erg (:'m_'2 s~h

-H/(p cPu*) (deg 4)

Stanton number, -H/(pc_u) for Method I, -H/(pc V,) for Method II
(deg 4) P pb

Velocity in the direction of surface wind (cm s'l)
1

L -
Friction velocity = (|T0[/p)’i (ecm s )
Velocity normal to surface wind
’ 1
Horizontal speed = W2 + v2)* (cm s'l)

Height above surface (cm)
Height of lowest model level (cm)
Roughness length (cm)

A dimensionless constant appearing in the "log-linear'" law for
profiles in stable conditions; according to Webb, its value ~'5

The angle of turning between the wind at z, and that at the surface

b
g/er, the buoyancy parameter (cm s-2 deg'l)
Surface albedo (dimensionless)

An increment in the value of a variable from that at z = Zo

Change in the value of a variable from z = z, to the top zy of the
boundary layer

The relative density of water vapour pw/p (dimensionless)

z/L

zo/L

Potential temperature (deg A)
Potential temperature at z,
Potential temperature at the surface

A representative potential temperature : for practical purposes,
that at zm

2
u /(8609 + eg Boq) (cm)
Latent heat of condensation for water (erg gm_l)

Latitude (deg)
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QM’ ¢H : Universal functions of z/L defining the dimensionless profiles of
wind and temperature

v ¢ Viscosity of air (cm2 s~y

0 : ‘Density of air (gm cm~3)

Py i Dentity of water vapour

o : The Stefan-Boltzmann constant (erg em~2 571 deg—4)

This symbol appearing over u, v, 86, 8q, z or z, means that these
quantities have been non-dimensionalised by dividing by u, for
velocity, T, for temperature, q, for humidity or Ly for height.

In order that the signs of v, a (Method II) shall be correct, a
right (left) handed co-ordinate System, with f > O should be
employed in the northern (southern) hemisphere.

1. INTRODUCTION

With the advent of more complex and complete mathematical models, the
time has come to look more critically at the problem of parameterising the effects
of sub-grid scale variability. One of the more important aspects of this problem is
the treatment of the boundary layer.

The following notes are based largely on a list of suggestions made by
the author to Geophysical Fluid Dynamics Laboratory of Princeton, N.J., in mid
1968. Since that time Monin and Zilitinkevich (1968) have presented an important
contribution to the subject.

The most advanced hemispheric models, currently in use (Smagorinsky,
1965), treat the boundary layer as consisting of a '"constant flux layer'" approximately
75 m deep, in which relationships applicable to neutral stratification are assumed
for momentum flux. Effectively it is assumed that the transfer coefficients for heat
and water vapour are equal to that for momentum, except in unstable conditions when
that for heat is much larger. Above the constant flux layer is a boundary layer
extending to 2. 5 km, where the mxing length for momentum decreases linearly to
zero. The scheme is based on the findings of Rossby and Montgomery (1935) for
approximately neutral conditions.

There now exist reliable formulations which taken account of departures
from neutral in the constant flux layer, and these can readily be used. In addition,
there are formulations applicable to the boundary layer as a whole, and these
should certainly be examined.

We shall assume that the models we are discussing are conventional,
in the sense that they employ a regular grid of points at which variables are com-
puted. It is possible to depart from this scheme as, for example, is suggested by
Charnock and Ellison (1967).



2. THE ALTERNATIVES

The boundary layer is commonly divided into the ''constant flux layer", in
which the fluxes of heat, momentum and water vapour may be considered constant,
reaching to perhaps some tens of metres, and a higher layer in which the fluxes
generally decrease with height.

It is suggested that two distinct approaches are available. The first,
which will be called Method I, involves modelling the boundary layer, i.e. having
enough grid points in the vertical to reproduce at least its coarse features, and
using relations established in the constant flux layer to compute the fluxes from
values of the variables at the lowest modelled level. The second, Method II,
requires that the boundary layer should be parameterised, so that its structure does
not explicitly come out of the computations.

3. METHOD I: MODELLING THE BOUNDARY LAYER

This may be resolved into two parts: (a) modelling the fluxes at the
surface, and (b) modelling the turbulent diffusion of properties from zp,, the
lowest model level, upward. '

For (a) we are given wind, temperature and specific humidity at zp,;
either the roughness length, z,, or a relation enabling us to compute it; either
surface femperature or a relation whereby to compute it; and information about the
dampness of the surface, which will enable us to decide whether surface air is
saturated. If it is not, (over land) a relation is required linking the state of the
ground with the evaporation. From these items of information we must compute the
fluxes of momentum, heat and water vapour across the surface.

As a result of the development and extensive exploitation of the eddy
correlation method for the measurement of turbulent fluxes by Swinbank and co-
workers, and the development of improved techniques for the measurement of wind,
temperature and humidity profiles, formulations of reasonably good accuracy are
now available for the surface or '"constant flux" layer. '

This work has confirmed that the well known logarithmic profiles for
neutral conditions can be generalised to cover diabatic conditions by including
suitable functions of z/L, where L is the Obukhov stability length, which expressed
to include the buoyancy effect of water vapour is

L= ui/{k(BT* + egqy)l, .. (1)

We have, therefore,

1

du/oz = u, (k2) " o, (z/L)

1

L}

36/3z T, (kz) fDH (z/L)

and a similar relationship for the humidity profile. The form of the ¢ functions

must be derived empirically. For heat and water vapour there is strong evidence
that they are identical (Swinbank and Dyer, 1967; Dyer, 1967), but that for momentum

differs from the other two (Swinbank and Dyer, 1967). The exact extent of the
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difference is still somewhat controversial, owning to the greater technical difficulty
of measuring momentum flux with the requisite accuracy.

Dealing first with unstable conditions, we use the temperature profile
relationship according to Dyer (1967), namely

20/02 = T, (ka)™} (1-15 z/1)"0 5 . (2)

This formulation does not differ very significantly from Priestley's (1954,
1956) treatment in terms of forced and free convection regimes separated by a small
transitional one, but has the advantage of covering the whole range without
discontinuities.

Regarding the relationship between heat and momentum transfer, for
unstable conditions Pandolfo (1966) has used Swinbank's (1964) data to show that,
approximately,

z/L = Ri (z)

where Ri (z), the Richardson number at height z, is expressed by

Ri (z) = B.36/3z.(3u/3z) 2

2
This has the consequence that ¢yy = ¢

M and that the ratio of the exchange coefficients
is expressed as

- - o
KH/KM = o /e, = 07,

a conveniently simple relationship which may serve for many practical purposes.

The appropriate wind profile relétionship on this basis is

1 -0.275 (3)

au/dz = u, (kz)” " (1-15 z/L)

*
and Dyer in an analysis (as yet unpublished) has found that further expedition data
support this formulation reasonably well, Furthermore, it can be shown that this
formula is not significantly different from that proposed by Webb (1965), and with
z/L = Ri (z) it is also very close to the formula

_1
L (1218 ri) ™%

du/dz = u, (k2)~
.given by Lumley and Panofsky (1964, p. 115),
For stable conditions, '"'log-linear'" profiles have generally been found

most suitable (Monin and Obukhov, 1954; McVehil, 1964; Webb, 1965, )
Zilitinkevich and Chalikov, 1968). That used here is a formulation by Webb (1970),

38/3z = 34/ = (kg)'1 (1 + aPz) co.(4)

where [ is written for z/L, the accents (*) signify normalisation of potential
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temperature differences by T, and of wind by u,; o is a constant = 5, and P has the
value | when Zs1 and ¢-! when 6>z>1. Clarke (1970) has suggested a method
of extending (4) upward from ¢ = 6 and this has been used in what follows. It is
assumed that the humidity profiles follow the same form as wind and temperature in
stable regimes; the accent over q indicates normalisation by q,, -

Equations (2), (3), (4) may be integrated, to yield

8,8 = F(lh - R D .. (5)

a(e) = Rz - Rz D ... (6)
and, by extension,

8,8 = F,(ch - Rz D o (7)

where the functions ¥, vary according to the sign of ¢, and are obtained by
integrating the R. H.S. of equations (2), (3), (4) with respect'to 12|, from an
arbitrary small value, |¢]| = a; g4 = zo/L, and 6 _ is the increment from the value
at ¢ = Lo The function Fy is assumed to be identical with FH.

Equations (5), (6), (7) are inconvenient because they do not provide the
fluxes in terms of the supposedly known quantities §_0, Goq and u, all at z,, and
z,. But they may be solved numerically and the resplts expressed in graphical or
tabular form. Figure |l shows u/u* and (6 o 8/T )2 as functions or zm/)\ and
zm/zo, where '

S 3

5 _
A= uT/(B8 8 +teg § Q)

and T = -H/(p °h u).

The two sets of curves are considered to be coincident on the stable side
(1 > 0), but differ on the unstable side on account of the inequality therg of the eddy
coefficients for heat and momentum. The set of curves for (‘Soq/f‘l* « )2, where
Ay = -E/(pu), is coincident throughout with that for (5,6 /T):< « )2

In the process of transforming equations (6) and (5) to the relations shown
in Fig. 1, it is necessary to neglect a series whose value, normally very small,
depends on zO/L. The errors in the use of Fig. 1 become unacceptably large
(exceeding 25 per cent in H) when z /L < -. 0325. For zy = 1 cm, this implies -L
is less than about 31 cm, a value not frequently met, and certainly not well
explored, in nature. In modelling, such low values for -L should only occur, if at
all, when the diurnal cycle is being modelled, unless for some reason u (z,,) is
artifically set at or near zero. Appendix I contains a proposed method of allowing
for the contingency zo/L <-, 0325,

For the second aspect, (b) of Method I, we must specify the mixing, above
Zy of heat, water vapour and momentum. Clarke (1970) has published estimates
of mixing length for momentum (%)4) and heat (2y;) for several stability classifications,
with heights scaled by u*/f. The results are believed to be valid within the
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restrictions imposed by similarity theory, but clearly cannot be extended to very
low latitudes.

We require an alternative height scale in low latitudes, |¢| < ¢p5 which
should be continuous with the u, /f scale at ¢L.

Mean wind data for the inner <cropics (Palmer, 1958) usually reveal a
maximum, in the direction of surface wind, at approximately 1500 m. This may be
interpreted as evidence of an equivalent Ekman layer depth, comparable with the
value .10 to .15 u /f, found at higher latitudes. Hence for the purpose of (b) above
we define a scaliné length L, where ,

L, = u,/f l¢] > ¢, and f is positive,

Ly = 10%m [o] < Op

If a representative u, in low latitudes is assumed to be 20 cm sec_l, the
two L 's would match at lat. 79, which can be taken as by,

The vertical distribution of ) may then be summarised for four stability
classes. It is assumed that mixing of heat in unstable conditions is to be performed
by a convective adjustment scheme, and that the same applies to water vapour during
moist convection. (For a description of such a scheme see Manabe et al., 1965.)

In stable conditions (i. e. in the absence of convective adjustment), however, it is
proposed that heat and water vapour should be mixed in the same manner as
momentum, i.e. Ly = Ly (for water vapour) = 21+ The mixing lengths, 2),, &g
Q‘W are to be used to specify KM, KH, KW, the eddy coefficients: i

k= 2 2]&

X X ‘9z
(i) Stability class I: Surface heat flux upward and convective adjust-
ment necessary between z,, and a higher level z,.

Above zp; v = 30m (in the troposphere)
for zg . 09L; ZM = .7z
and for . Q9L < z<z; L)\ varies linearly from .063L_ to 30 m.

(ii)  Stability class II: Surface heat flux upward or zero, but no

convective adjustment involving z,,.
Above 75 m; %y = 30 m (in the troposphere)

Below 75 m; SLM = .4z,

(iii)  Stability class III: 0<L, /L <60
Above 200 m; Q'M = 30 m (in the troposphere)
Below 200 m; JLM = ,15z,

(iv) ~ Stability class IV: L /L > 60
Above 400 m; Lyp = 30m (in the troposphere)
Below 400 m; QM = .075z.
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The device of setting %4 = 30 m in the free atmosphere (rather than
neglecting vertical interchange above the boundary layer) has already been tested
(Miyakoda, private communication) and found to result in a considerably better
performance. The disappearance of the surface sé,vel_'e cold areas near coastlines,
a decrease in the intensity of mean zonal winds near the jet stream, and an increase
in eddy kinetic energy are among the improvements noted. '

- 4. METHOD 1l: PARAMETERISING THE WHOLE BOUNDARY LAYER .

- This method has the virtue of enabling us to set z, at a much greater
height than is the case for Method I (say 500 m as against 20-50 m), and of bypassing
part (b) of the first method. The disadvantages of Method Il are twofold:

(2) The formulation is only valid for horizontally uniform and steady state
conditions, and inaccuracies will arise when these are violated. Similar
errors occur when z ., is much lower, but the response to change is so
much more rapid there that integrated errors are much smaller. Vager
and Zilitinkevich (1968) have computed examples, showing how the diurnal
‘variation of heating affects the relationships between wind and temperature
at the top of the boundary layer and the fluxes at the bottom. Even at

lat. 60° the effect of the diurnal cycle is apparently to produce very
pronounced deviations from the steady state relationships., Likewise one
would expect strong departures from these relationships at coastlines and
other surface discontinuities.

(b) Similarity theory, applied to the whole boundary layer, assumes that
the length scale is uniquely determined by u,, /f. This assumption becomes
more difficult to justify the lower the latitude, because the effect of time
and space changes becomes relatively more important. At the equator the
relationships are meaningless, but they become inaccurate and misleading
at low latitudes, up to perhaps 20 . It therefore becomes necessary to
specify the boundary layer in some other way if it is desired to model at
low latitudes. A double specification depending on latitude may well prove
unsatisfactory, since a discontinuity of treatment at, say, latitude 20° may
induce unrealistic effects. :

For these reasons Method II will probably be most effectively used in
models which do not extend too near the equator, which lack strong discontinuities
such as coastlines, and which do not model rapid time changes such as the diurnal
cycle.

Another difficulty arising from the use of Method 1I is that horizontal
divergence of heat and water vapour on the boundary layer is neglected, and this may
be important, for example, in the trade winds with regard to moisture. (The errors
from this source for Method I are negligible.) This, however, may be remedied.
(Clarke 1970, Appendix III. The table, however, has now been amended as a result
of acquiring much more data: see below.) ' '
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Method II consists in using tables or nomograms resulting from the
inversion of the relationships (Monin and Zilitinkevich, 1967; Clarke, 1970)

u, = {-1n 20 - A(s) }/k ... (8)
Gb = - B(s)/k . (9)
2 = {-1n 20 - C(s)}/k ... (10)
84 = {-1nz - D(s)}k ... (11)

where subscript b refers to the top of the boundary layer, 4 means change from z

, o
to z, s is a stab111ty parameter (= L, /(kL)), A, B, C, D are universal functions

of s only, and z =z f/u
The inversion consists in expressing relations (8) to (11) in such a form
that, given "exterlnal" characteristics of the boundary layer, namely, zq, f,

Vp = (ub2 + va)E, A8, Aq, the "internel" ones, u,, H, E, may be computed.

For this purpose s is transformed to the external stability parameter

w0
]

(BAB + egAq)/(be) ... (12)

n

(Aé/vb).s ... (13)
and io is transformed to the surface Rossby number,
Ro = Vb/(f zo)- = Vb/z;o . ' v (14)

Similarly, T,k, q, are transformedto T, L

e.g. Tex = <H/Goc V) = T/ ...(15)

With a knowledge of the functions A(s), B(s), C(s), D(s), derived from
expedition data (Clarke with Dyer, Brook, Reid and Troup, 1970. To be published),
Figures 2-5 have been computed, representing respectively

-

. 1
Vb/u, , (& e/T“ )5 Aq/q* )% and o, as functions of S and log)yRo. The

angle aqp is the angle of turning in degrees between the wind at z,, and that at the
surface, - artan vb/ub By interpolation on these nomograms, U, and @, , and
hence t,,» H and E may be readily computed, given z, f, Vb: A8 and Aq. It will be
noted that Figs. 3 and 4 differ only slightly. The function D(s) reveals a large

in all stabilities, and in stable conditions a satisfactory determination
becomes impossible at least with the information available from the Wangara expedi-
tion. The use of Fig, 3 for both temperature and humidity is justified. A similar
procedure is recommended by Monin and Zilitinkevich (1968).
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The peculiar shape of the curves for high stability in Figs., 2-5 requires
comment, It is observed that when A, and C, as determined from the Wangara data,
are plotted against s, an acceptable clustering of points with increasing s is obtained
up to roughly s = 550, when the relationship breaks down. At s > 700 there is a
suggestion of a constant smaller value. The function B appears to break down at
roughly s = 400, These features can be taken to indicate a broad upper limit to the
applicability of similarity theory as stability is increased. The existence of this
limit for the present practical purposes is not a serious obstacle, since large
percentage errors can be tolerated where the fluxes are small,

5. SUGGESTIONS FOR DETAILED PROCEDURE OVER LAND AND SEA

It is desirable to treat land and sea surfaces differently, partly because
of the large proportion of the heat balance over the sea represented by flux into the
water and the difficulty in modelling it. Over land this quantity (G) is conductive
only, relatively small, and is more easily modelled. There are, moreover, inter-
actions between the two fluids which have no counterpart over land. One of the more
obvious interactions results in a surface roughness over the sea which is largely
determined by the air flow, and this interaction should if possible be modelled.

(a) The Procedure over Land

It is assumed that the surface roughness z, can be everywhere estimated
‘and is invariant, for a given season. This is not true (Deacon, 1957), for in light
winds z, effectively increases, but the error in this assumption is probably much
less serious than our ignorance concerning the geographical distribution of z_, and
the effect of '"hills'", as distinct from the smoothed "mountains'', on airflow. We
also assume that it is not profitable to distinguish 8o and q,, the values of 6 and q at
S from 65 and qg, their values at-the interface, although this has been proposed by
Monin and Zilitinkevich (1968),

Modelling evaporation is complicated by the fact that g4 is not uniquely
related to 8. When the surface is sufficiently moist, Qg can be given the saturated
value at the surface temperature and pressure, and there is no difficulty. When
this is unacceptable, as over deserts, a method currently used, of assuming a fixed
fraction of the potential evaporation to occur, can hardly be recommended, since
the appropriate fraction is not easily determined and should vary in some manner
with the moisture available for evaporation.

One procedure is to keep a tally of soil moisture at each grid point, to
make the ratio of actual evaporation (E) to potential evaporation (E_ ) depend on the
total soil moisture and range from 1 for 'field capacity'" to zero for '""completely dry",
This scheme has been used successfully by Manabe (1949). "R.J. Taylor has collected
data on the ratio E/E_, and holds out hope that in the near future it will be specifiable
in terms of rainfall and radiation history and a soil parameter.

Another simple way of treating evaporation over dry land masses is to
apply the Bowen ratio (B = H/AE, where A is the latent heat of evaporation), values
of which could be estimated climatologically from the long term records of sunshine,
t'emperature and rainfall, with some allowance for run-off and soil storage, and an
estimate of albedo.
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The procedure will then be as follows, where (T) refers to the use of the

scheme being devised by Taylor, and (B) to that requiring the Bowen ratio to be
climatologically prescribed.

(i)

(ii)

(iii)

Estimate 6, assumed equal to 8> (in practice this will be the
value found for the previous time step) and for (T) compute qq .,
the saturated value of q corresponding to 8, and p.

For Method I, compute u,, H from Fig. 1. For (B), E is defined
when H is known. For (T), the potential evaporation Ep is first
estimated from the relation

H/AE = ¢ /A - 5.0 - Lo (1
p P 09/(q qosat) (16)

which is a consequence of equations (5) and (7) with Fy = Fpy.

The evaporation E is then computed as a fraction of Ep from

radiation and rainfall history and soil parameters.

For Method II, for (B), compute u,, H from Figs. (2) and (3)
and E from the prescribed Bowen rat;o; for (T), compute u,, H,
E, from Figs. (2), (3), (4) and E from Taylor's criterion, " If one
overlooks, as is believed justifiable, the differences between
Figs. (3) and (4), Fig. (4) can be discarded. One should then use
Fig. (3) and equation (16) as applied to the whole boundary layer

(i.e. with A6 substituted for 8,6 and q for q).

With computed values of H and E for the value of 90 estimated
under (i), check the heat balance equation
T 4

S*(l—y)+RL=oS+H+AE+G o (17)

where S* is direct an_d diffuse solar radiation, Y is albedo, RL
downward long wave radiation, 0 the Stefan-Boltzmann constant,
T4 surface temperature and G the heat flux into the ground, which -
can be neglected unless the diurnal cycle is being modelled. In

the latter case, it should be computed from soil temperatures (at
two or more levels)or otherwise allowed for,

Change 6, iteratively until Eq. (17) is satisfied. The values of
u,, H, E, 90 are then the required solution, and o can be com-
puted from Fig. 5 if necessary (i.e. for Method II).

It is easily possible to follow the scheme of Monin and
Zilitinkevich, differentiating 05 from Go by means of the equation

(6, - 8)/T, = .13(z u,/»)% ... (18)

where v is the viscosity of air.

However, use of this relation for temperature would also logically
require the use of a parallel one for moisture. With the present.
uncertainties concerning the best formulation for evaporation, one
doubts the wisdom of proceeding to this refinement.






