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ABSTRACT

An extensive investigation has been made of a
one-level, fine-mesh, limited area, primitive
equation numerical weather prediction (NWP) model.
The aim of the investigation wasto determine the
relative merits of a variety of finite-difference
schemes, boundary conditions and methods of
initialisation, in anticipation of the development of
a multi-level model.

Two types of time-differencing schemes were
studied, namely, the leapfrog method and the semi-
implicit scheme of McPherson (1971). The semi-
implicit scheme proved to be nearly four times as
fast as the leapfrog method and displayed less
raggedness at the two grid length level,

Forecasts were also made on both a regular
grid and the staggered grid of Eliassen(1956). The
staggered grid forecasts” required slightly longer
computation time but provided an effective resolution
equal to one-half ‘that of the regular grid. The
associated decrease in truncation errors resulted in

. improved forecasts. However the complexity of the

code even at the one-level stage is a significant
factor weighing against the staggered grid,

Gravity waves reflected and generated at the
lateral boundaries are of considerable concern in
limited-area NWP experiments with the primitive
equations. The procedures of Charney (1962),
Gerrity and McPherson (1969) and Bushby (1969)
were all successfully tested. Itis suggestedthat the
Gerrity and McPherson approach isthe most desir-
able, essentially because of its extreme simplicity.

Initialisation with the balance equation and
dynamic initialisation were each tested. Little
difference was observed in the quality of the fore-
casts, suggesting that both procedures should be
retained for experimentation with the multi-level
model before any preference is expressed,




INTRODUCTION

From the time of the first successful attempt by Charney, Fjortoft
and von Neumann (1950) to predict the motion of the earth's atmosphere with a
high-speed computer, most effort has been directed towards the large scale
atmospheric motions of wavelength several thousand kilometres and of time scale
several days. By numerically integrating the filtered or primitive equations of
motion using finite-difference techniques, 24-96 hour forecasts have been made
for both research and operational purposes.

During the last half of the 1960's numerical prediction models became
increasingly sophisticated, incorporating processes such as radiation and hydrologic
cycles (Manabe et al 1965). However, although such models are providing reason-
able and sometimes quite good quality four-day forecasts they frequently underestima
the displacement of relatively small scale disturbances. Truncation errors have
been shown by Shuman and Vanderman (1965) to make an important contribution to
this phase lag. Truncation errors in finite-difference models may be reduced in
two ways: by using higher order difference approximations, or by using a finer:
mesh. The latter alternative is preferred because of the difficulties associated with
higher order difference equations, particularly near the boundaries.

As Gerrity and McPherson (1969) have indicated, a finer mesh also
appears to be a means of optimizing the utilization of observed data. Observed data
are extremely variable in density and it seems feasible to suggest the use of a fine
mesh over data dense regions such as populated continental areas, and a coarse
mesh over oceans. This suggestion has been taken up in two distinct ways. One
approach is to confine the fine mesh to data dense regions with a coarse-mesh model
providing the boundary conditions. The investigations of Hill (1967), Wang and Halpe:
(1970) and Shapiro and O'Brien (1970) are examples of the so-called 'nesting' proble
Another approach is to make the fine-mesh region large enough to avoid having to
specify accurate boundary conditions, and this is the way Bushby and Tlmpson (1967)
and Gerrity and McPherson (1969) have proceeded.

Two of the main obstacles to progress in fine-mesh numerical weather
prediction have been the small time step required to ensure computational stability
and the large amount of core storage required to make the forecasts feasible in an
operational environment. These limitations, which might be termed economic,
should be distinguished from the more fundamental problems associated with our lack
of a complete understanding of many basic physical processes such as precipitation,
turbulence and other sub-grid scale processes. Here only the economic limitations
will be considered and some of the lines of attack on them will be described.

The development of the semi-implicit time step (Kwizak and Robert, 19’
in which the gravitational oscillations are treated implicitly whereas the meteorologic
modes are handled explicitly has had the effect of weakening the constraint on the
time step size. Using this approach, the maximum permissible time step is now
determined by the speed of the meteorological modes rather than the gravitational
oscillations. McPherson{l971a) has compared the times taken for 24-hour forecasts
with a fine-mesh limited-area model and found that the semi-implicit has an advantag
of 3.5:1 over the explicit version.



Staggered grids such as that described by Eliassen (1956) require far
less storage and computing time for a given resolution than does a regular grid.
Bushby and Timpson (1967) have made use of Eliassen's grid in their ten-level
fine-mesh primitive equation model achieving an effective grid resolution of less
than 100 km over a small area of Western Europe.

McPherson (1971b) has combined both the semi-implicit formulation
and a staggered grid devised by Lilly (1965) to obtain a time ratio of approximately
14:1 over the explicit time step on a regular grid, with the same effective resolution.

The present study was motivated by the need for a high resolution
primitive equation model in the Southern Hemisphere. The only operational
multi-level primitive equation model available at present is the GFDL N30 model of
the Commonwealth Meteorology Research Centre (CMRC) (Gauntlett and Hincksman, 1971)
which has a grid length of approximately 360 km at 45°s. As a prelude, it was
considered prudent to explore a variety of time and space differencing schemes,
boundary conditions and initialisation procedures with a one-level model.

THE MODEL

The model atmosphere chosen for the experiments is homogeneous,
incompressible, hydrostatic, barotropic and with a free surface at the 500 mb level.
The governing equations in Cartesian co-ordinates on a Lambert conformal projection
with map factor m=m (x,y) are
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where x,y,t are the space and time variables, f the Coriolis parameter, u and v
the velocity components in the x and y directions, and ¢ is the geopotential of the

500 mb surface. It has been assumed that the terms involving derivatives of the map

factor may be ignored for the limited area over which the forecasts were made
(Maine, 1967).
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FINITE-DIFFERENCE EQUATIONS
(a) Time differencing

Representatives of the explicit and semi-implicit time differencing
schemes were considered. The particular explicit scheme used was the leapfrog
method which was chosen because it produces less physical distortion of the flow
iransients than other methods (Kurihara, 1965). The procedure McPherson (1971)
has tested with encouraging success was picked as the most suitable semi-implicit
scheme available.

(b) Space difterencing

It was decided to examine each of the time differencing schemes on both

regular and staggered grids. For the explicit scheme the staggered grid of Eliassen
(1956) was used, while the staggered grid suggested by Lilly (1965) and employed by




McPherson (1971b) was regarded as the most appropriate for the semi-implicit
method. Lilly's grid is very similar to Eliassen's, differing only by an inter-
change of the u and v locations in order to accomodate the semi-implicit formulation
(Fig 1). A total of four combinations of time and space differencing schemes is
therefore possible. The corresponding difference equations are given below
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Fig. 1 The distribution of variables on the staggered grid devised by Lilly (1963).

Explicit time step, regular grid

Grammelvedt (1969) conducted a survey of finite-difference schemes
for numerical integration of the primitive equations. Of these, it was decided that
" the so-called Scheme F would be the most suitable. In finite-difference notation:
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The various averaging and differencing operators introduced into €q 4, 5 and 6
are defined by :
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Scheme F conserves total momentum in the non-linear terms but not total energy.
It was chosen because of its comparative speed and simpli¢ity. The failure to
conserve total energy is not serious in short range weather predictions.



Explicit time step, staggered grid

The leapfrog method was employed on the staggered grid of Eliassen
(1956). The corresponding finite-difference equations are
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Semi-implicit time step, regular grid

For the purposes of deriving the finite-difference equation with the semi-
implicit time step it is necessary to define the geopotential departure, ¢, from a
mean value ¢o. Eql, 2, 3 may then be written as
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The semi -implicit time step is to be applied to a regular grid with spatial differencing
operators corresponding to Scheme F. To do this it is convenient to define new
variables u*, v*, ¢ * by
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where (i,j) are the coordinates of an arbitrary point of the rectangular domain of
integration, n is the latest time level, and At is the time step. Further variables

U, ., V. ., A are defined by
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where d is the grid interval and the divergence term of eq 12 has been time-averagec
over the interval (t-At, t+At). The finite-difference approximations to eq 10, 11,
12 may now be written as '

(n+l) _ CAtm, g (atl)  (atl)
R I I I S P
(n+1) _ _ Arm, (ntl) _ ,(n+l)
R L L =t $ 0
NCS I . +¢E§§) WD | @) ) () 21
u,j i,j 2d o i+1,3 i-1,j i,j+1 i,j-1 )

The system of eq 19, 20, 21, may be solved by differencing eq 19 with respect to
x, eq 20 with respect to y and substituting in eq 21 to obtain an equation for @
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Eq 22 is a Helmholtz-type equation which may be solved for @.(n.l? It is suggested
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that a direct { 'exact' ) method be used to solve eq 22 rather than an iterative method
because of the greater speed and accuracy of direct methods such as the Generalized
Sweep-out Method of Hirota et al (1970) and the Dimension Reduction Method of
Ogura (1969). A fine-mesh semi-implicit model requires that eq 22 be solved
hundreds of times and an accurate method must be available to prevent the destructi
accumulation of error.

Semi-implicit step, staggered grid

The approach is formally the same as in the semi-implicit time step on
a regular grid, except that now the variables uw*, v¥* and ¢ * correspond to the space
differencing operators of McPherson (1971a) and are given by

at = oD open s @Y W+ I E M Looaee v e 23
1,] 1,] X y L, 1,] 1,]

B €O By W vt -0 v SN CO NNV PSR LY e 24
1,] 1,] X y 1,} - 1,3 i,]

ox = o071 oprm. (W W+ FFF )?“), ... 25
1,1 1,] X y 1,3



BOUNDARY CONDITIONS

The search for suitable lateral boundary conditions involved a con-
siderable amount of experimentation before any firm decisions were made. As
may be seen in Fig 2 the region over which most of the forecasts were made is
bounded not by physical boundaries but by artificial boundaries simply placed in
the atmosphere. Consequently, the boundary conditions are not immediately given
and the problem is to seek boundary conditions which do not significantly affect
the quality of the forecast.

The problem of determining suitable boundary conditions has been
realized from the time of the very first attempt at numerical weather prediction
with high speed computers. Charney, Fjortoft and van Neumann (1950) presented
a heuristic argument to show that for the barotropic vorticity equation the motion
is determined by specifying the height field everywhere on the boundary and the
vorticity at that part of the boundary through which fluid is entering. In a subsequent
study Charney (1962) extended the argument to the primitive equations and showed
that for the barotropic primitive equations it is necessary and sufficient to specify
the normal velocity at all boundary points and the potential vorticity of inflow
points. The effect of overdetermination of the boundary conditions in the case
of the primitive equations was seen to set up spurious gravity waves which
propagated destructively into the interior of the forecast region within hours.

In the case of the barotropic vorticity equafion, which is a filtered equation,

the effect of overdetermination at the boundaries is not nearly so severe  because
boundary instabilities propagate at approximately the wind speed and much of
the interior will not be affected at the end of the forecast period.

An alternative approach is to recognise that no attempt is being made
to represent actual events at the boundary (an exception to this is the 'nesting'
problem which will be discussed later), but rather to control the amplification
of gravity waves near the boundary. As a means to this end Gerrity and McPherson
(1969) assume temporarily constant boundary values and applies a strongly damping
time step at points one gridlength from the boundary. Bushby (1969) describes a
similar treatment in which the normal derivative of the velocity component parallel
to the boundary is assumed zero while all other dependent variables remain constant
with time. In this case gravity waves with fast growing amplitudes set up by these
boundary conditions are controlled by the use of a large value of eddy viscosity
coefficient near the boundary. The techniques of Charney, Gerrity and McPherson
and Bushby were all applied to the present model and were compared with respect to
speed, simplicity and effectiveness.

INITIAL DATA

The initial data consists of 500 mb geopotential heights and the wind
components u and v. Two initialisation procedures were used to - provide the initial
data.

Linear balance equation

The initial wind fields are assumed to be non-divergent and are computed
from the initial geopotential fields by solving the equation
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where m, T are mean values of the map factor and Coriolis parameter, and ¥ is a
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At the lateral boundaries it is assumed that § =
7
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