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ABSTRACT

The theory of optimum interpolation (Gandin, 1963)
is the basis of a program to compute the analysis
accuracy likely to be achieved with a specified observ-
ational network. Input parameters include the locations
of observing points, the random observational error,
the magnitude and spatial correlation of systematic
error, the variance and space and time autocorrelation
functions of either the element being analysed, or its
deviation from a first guess field. The output includes
root-mean-square (RMS) analysis error, reduction of
variance over climatology or a first guess field, and
the probability of meetinga specified analysis accuracy.
The program is applied to a few current Australian reg-
ion and tropical Australian sector upper wind networks
and input parameters are systematically varied. Results
suggest that, in the absence of prognosis feedback, an-
alyses based on optimum interpolation and derived from
upper winds alone will frequently fail to meet ICAO av-
iation route forecast criteria, and that even where ex-
isting networks are relatively dense the greatest scope
for improvement lies in increasing the density rather
than the network's observational frequency or accuracy.

INTRODUCTION

The accuracy of an analysis derived from observational data irregularly
distributed in space and time depends on many factors. These include the accuracy,
spatial density and temporal frequency of the observations, and the characteristic
space-time variability of the element being analysed. If a forecast can provide a
first guess, additional factors are the forecast accuracy and spatial characteristics
of the forecast error distribution. Finally, the particular analysis method used
is also important. :

The theory of optimum interpolation, as developed by Gandin (1963) for
objective analysis, utilised the statistical structure of meteorological fields to
minimise the mean square interpolation error. The theory also produced an estimate
of this error, provided the variance about climatology and random observational error
were known. Subsequent refinements have incorporated a forecast (eg, Kruger, 1968;
Bengtsson and Gustavsson, 1971), and systematic as well as random observational error
(Gandin et al, 1972). )
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The availability of an a priori error estimate has also led to the use of
optimum interpolation theory in network design problems, its use for this purpose by
Bessemoulin et al, (1960) preceding its use in objective analysis schemes. Recently
Alaka and Elvander (1972) have derived general relations between observational accuracy
and density, and optimum interpolation error, based on statistics for the tropical
Caribbean area, and Egorova (1972) has applied the theory when considering networks
for GATE. This type of application, in which we seek to estimate the analysis accuracy
resulting from a specified observational network, might be called 'network analysis',

The purpose of this paper is to report the application of the network
analysis methodology to existing upper wind networks in the Australian and adjacent
tropical areas, and to demonstrate the relative importance of various factors influ-
encing the accuracy of analyses based on optimum interpolation. It should be emphasise
at the outset that the quantitative validity of the results presented is limited by
considerable uncertainty in the relevant statistical parameters, particularly over
sparse data areas. '

The original motivation for the work reported was to investigate the
capability of an objective tropical wind analysis system to meet aviation route fore-
cast requirements. However, the network analysis computer program subsequently
described has more general application in observational network design and assessment,
including the consideration of asynoptic data.

OPTIMUM INTERPOLATION

Optimum interpolation may be considered as the estimation of grid point
values of an element from observations by multiple linear regression. The relevant
regression coefficients depend upon the statistical behaviour of the element in space
and time. Gandin's original formulation estimated deviations of an element from its
climatological mean (climatological constraint). To incorporate a first guess field,
deviations from the first guess are estimated, the procedure in this respect being
similar to Cressman's (1959) 'correction' method of objective analysis. -The basic
eq 1 to 4 in the following sub-paragraphs may be derived by straightforward application
of the mean square error minimisation procedure used by Gandin (Chapter 3, op. cit.).

Synoptic data, climatological constraint and random observational error

The mean square error of optimum interpolation at a grid point o using

synoptic observations of an element at points i = 1,2......n is given by
2 2 i
E* =0l - 1 o 0, u.p; R |
i=1
where E? = mean square optimum interpolation error
ooz,oi2 = variances of element at o, i
uoi = space autocorrelation coefficients between

element values at o and i.

The p; are 'optimum weights' determined from the solution of a system of

n linear equations

j + 0, Py =0; O U, [i=l,...n] el 2

1l o~
a
Q
=
)

j=1 i7" "ij
2

where Oci = mean square observational error at i.
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Equations 1 and 2 assume that the errors of observation are random, in the
sense that their mean is zero and they are uncorrelated with the true value of the
element, and with each other.

It is customary, often because of limited statistical information and

computational convenience, to assume homogeneity and (usually) isotropy of By 5o but
the above theory does not depend on such assumptions. ' J

Systematic observational error
When the observational error has both a random and systematic component,

the optimum weights are determined by the n equations

n
Z (o, 05 My * Iy %5 “sij) Py *+ Ogi Py = O3 O Mos [i=i,..n] ... 3

2
sj

where O;i’ a mean square systematic observational error component at i,j.

! space autocorrelation coefficient between systematic observational

s1J errors at i,j.. .. -

Equation 3 assumes that the non-random error component is systematic in
the sense that the errors are spatially correlated with each other, but not with the
true value of the element.

Once the optimum weights are computed, the mean square optimum interpolation
error E? is still given by eq 1.
First guess constraint

When a first guess field is available, the mean square optimum interpolation

error (cf eq 1)is given by

2 _ 2
E" =04 - .
i

ne~13

) %o %61 Moi Pi

where oéo, oéi = mean square first guess field error at points o,i.

¥goi = space autocorrelation coefficient between guess field errors at o,i.

Similarly, equations analogous to eq 2 and 3 are obtained by replacing
2 2
o by 9gi* ete.

Asynoptic data

If an observation made at time (T-T) is used in an analysis for time T,
an additional source of error arises because of the time variation of the element.
The mean square error associated with lag T is

2

o_.
T1

= 202 (1-
= zci (1 uTl)

where u_. = the time autocorrelation coefficient for lag T at point i.
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Ory Mmay be considered as another component of the observational error.

Should neighbouring observations have similar time lags (eg, observations on the same
satellite orbit), then the asynoptic error component will by systematic and eq 3 is
applicable. The usij in this case will be the space autocorrelation coefficients of

the asynoptic errors. It is shown in the Appendix that these coefficients depend on
both the space autocorrelation and the joint space-time autocorrelation coefficients.
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" The percentage reduction of variance (Rv) over climatology is given by

100 (¢? - E%) -
(o]

RV S e—_—
0'2
[o]

and an analogous relation applies when a first guess constraint is used.

The probability of IE| exceeding any specified value may also be computed
if E is assumed to be normally distributed.

NETWORK ANALYSIS PROGRAM

The purpose of this program is to estimate error statistics of optimum
interpolation analyses using the foregoing theory. It is designed to incorporate the
factors enumerated above under 'Optimum Interpolation' while allowing for simplifying
assumptions concerning the various statistical parameters.

Input

The following information must be provided, when a climatological constraint
is to be used:

1 Geographical locations of observing stationms.

2 Mean square random observational error o2_, specified
either at each station location, or as a = function of
latitude.

3 Asynoptic time lag associated with each observation.

4 Variance of the analysis element o2, either as a grid

point field, a function of latitudé or a constant for
the whole analysis domain.

5 Space autocorrelation PP of the analysis element, as
a function of either separation only, or separation

and orientation. The function may be latitude dependent;
or constant for the domain.

6 Space autocorrelation My s of the systematic component
of observational error, similar to uij'

7 RMS differences 0_ of the analysis element, for various
time lags, either latitude dependent on constant for
the domain.

When a first guess field constraint is to be used, the mean square and
space autocorrelation of the guess field error are substituted for items 4 and 5.
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Output

Using the relevant equations listed above under 'Optimum Interpolation',
fields of the following quantities are computed and displayed.

1 RMS error of optimum interpolation E.
2 Percentage reduction of variance Rv'
3 Probability of error exceeding a specified limit.

If an analysis is based on optimum interpolation, E can be considered as
the RMS analysis error. In the following sections, 'analysis error' is used in this
sense.

The remainder of the paper will present the results of applying the pro-
gram to specific upper wind networks. The next section describes how the necessary
statistical information for these applications was obtained.

BASIC STATISTICAL INFORMATION

Observational error (0% _.)
ei

The errors in upper winds determined by routine Australian observational
procedures have been investigated by Shaw (1968) for the WF2 radar, and Spillane
(1969b) for the WF2 and 277. The summary in Shaw's table 3, relating vector error
to pressure-height and the layer mean wind between the surface and observational
level, was the basis for subsequent computations. It is clear that the observational
error is systematic in the sense that larger errors are associated with stronger
layer mean winds. This factor has been considered only to the extent that the assumed
mean square observational error .for a particular season corresponds to the seasonal
layer mean wind. The correlation between observational error and the true wind was
neglected above under 'Optimum Interpolation'.

In addition to the above, the céi should include the aliasing error

corresponding to the contribution to the total variance of scales below that resolv-
able by the observations used to compute the basic autocorrelation data. However,
Spillane (1969a) suggests that for the current Australian region network the aliasing
error is far less serious than the observational error, and it is therefore subsequently
neglected in view of the uncertainty in the latter.

Table 1 shows the latitude dependent values of czi used in subsequent
tests.

Table 1 Mean square observational errors Uéi (upper) and

variances 0; (lower). Units are knots?.

Lat%tude

) 10 30 50
Element
200 mb
Zonal wind 16 100 64
component 225 1,225 441
(winter) )
700 mb
Zonal wind 4 16 25
component 100 256 361
(winter)
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Variances (02,)
1

. The data source for upper wind variances was Maher and McRae (1964). These
variances were based on five years of data from 21 stations in the Australian region
ranging from latitudes 6 to 42°S. A systematic latitudinal behaviour was evident,
and was used in all subsequent computations. For the tropical sector it was assumed
that the Southern Hemisphere statistics for the opposite season could be used for the
Northern Hemisphere. Table 1 shows the variance values used in subsequent tests,

Space autocorrelations (uij )

McRae (1971) has computed upper wind space autocorrelation coefficients
between 56 station pairs using the above data base. In most cases more than 200
observation pairs were available. The coefficients revealed systematic non-isotropic
behaviour, as indicated by Fig 1 and 2. However, no useful latitudinal variation was
evident. It was therefore decided to use the same autocorrelation function for the
whole analysis domain, and to allow for non-isotropy by means of an elliptical function
with specified ellipticity and major axis orientation. The functions were expressed
in the form of a table obtained directly from the manually smoothed autocorrelation
coefficients indicated by the isopleths in Fig 1 and 2.

Time autocorrelations (pTi) and RMS differences (oTi)'

Autocorrelations and RMS differences at time lags of 24 hours were computed
by McRae for ten stat%ons in tge Australian region, at six hour intervals from 6 to
48 hours at Giles 825 2'S 12§ 18'E), and at twelve hour intervals from 12 to 48 hours
at Williamtown (32~ 49'S, 151" S50'E). McRae's values of OT and uT were adjusted for

random observational error, then used to prepare tables for RMS differences as a
function of time lag and latitude. It was assumed that the latitudinal variation at
lags of less than 24 hours was similar to that at 24 hours. The values used in sub-
sequent tests are shown in Table 2.

Space correlation of systematic error (usij )

The particular type of systematic error considered was the asynoptic error
resulting from the use of 'old' observations. This type of error could arise from the
use of persistence from the latest synoptic analysis to prepare an aviation route
forecast, or use of data from an off-time satellite orbit in a synoptic analysis.

The space autocorrelation of asynoptic error could in principle be computed
for various time lags from either raw observational data, or from eq 5 (Appendix).
Such figures were not available, and since a detailed investigation was beyond the
scope of this paper, the following admittedly heuristic argument was adopted. The
scale on which asynoptic errors are correlated for a specified time lag appears to
depend on two major factors, namely diurnal (or semi-diurnal) variations of the wind,
and the movement of synoptic systems. Diurnal wind variations over Australia tend to
be associated on a continental scale at many levels (Willson, 1974). Considering a
'travelling wave' type of synoptic pattern, and an asynoptic lag much less than the
wave period, the asynoptic error due to synoptic system movement would tend to be
correlated on a scale of about one quarter wavelength. These two considerations
suggest that it is not unreasonable to assume that such errors are correlated on a
scale of the same order as the element itself. In fact it was assumed that usij = uij'

In further justification of this rather crude assumption, it will be shown subsequently
that, for the cases considered, the spatial correlation of asynoptic error was much
less important than some of the other factors influencing analysis error.
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Table 2 Root-mean-square differences Ors (knots)

of 200 mb zonal wind (winter)

Lat%tude
s)
10 30 50
Time lag
(hr)

6 5 11 7
12 9 21 13
18 12 28 17
24 14 32 19
30 15 35 21
36 .16 37 22

APPLICATIONS

The subsequent discussion will refer to specific applications of the net-
work analysis program to upper wind networks in the Australian region and the Australian
sector of the tropics. All computations were performed with a climatological rather
than first guess (predictive) constraint, for the practical reason that no historical
data were available from which the error characteristics of relevant guess fields
could be computed. To the extent that prognosis feedback can contribute to analysis
accuracy through guess field constraint, subsequent estimates of analysis error will
be too high. However, the predictive skill of numerical models with current observ-
ational networks is known to be low in regions equatorward of the subtropical high
pressure belt, and under these conditions it is probable that the prognosis contribution
will be small.

In the following, the standard values of input parameters are those in Tables
1 and 2 and Fig 1 and 2. The parameters take these values unless otherwise specified.
The observational networks used are close to full upper wind networks (exlcuding air-
craft winds) for 0000 hours GMT at NMAC Melbourne (Australian region) and RMC Darwin
(tropical sector). The latter network is frequently not achieved in practice due to
communication problems. ’

Figures 3 to 6 illustrate the analysis error (E) and reduction of variance
(R ) fields for the 700 mb and 200 mb zonal wind components under standard conditions.
ThE sensitivity of these results to the input parameters will be illustrated by varying
one parameter at a time from its standard value. -For the parameters of random observ-
ational error and network density, the examples predented are specific cases of the
general relation between analysis accuracy, observational density, and observational
error presented in nomogram form by Maka and Elvander for the tropical Caribbean
area.

Observational error

In Fig 7 the random RMS observational error has been reduced by 50% from
its standard value. Comparison with Fig 3 indicates that over relatively dense data
areas the changes in the RV field are of the order of %%, and are less where the data
are more Sparse.
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Fig 1 Two point spatial autocorrelations,ui‘. of 200 mb zonal wind (winter), as a function of

separation distance, and orientation of line joining the points.

McRae (1971).
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Fig 2 Two point spatial autocorrelations ,uijof 700 mb zonal wind (winter), as a function of
separation distance, and orientation of line joining the points. Plotted values from

McRae (1971).
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Fig 3 Root mean square optimum interpolation error E (knots) and reduction of variance R,
(percent) of winter 200 mb zonal wind under standard conditions for Australian region.
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Fig 4 Root mean square optimum interpolation error E (knots) and reduction of variance Ry
{(percent) of winter 200 mb zonal wind under standard conditions for tropical sector.

LEGEND [ 1<30 [/7430-70 R >70

101






