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A three-dimensional instability theory of the onset of blocking and cyclogenesis is
discussed. Climatological, instantaneous synoptic and idealised basic states are
employed to illustrate various aspects of the theory. The results of a parameter study, in
which the static stability parameter is changed, are presented for a northern hemisphere
winter climatological basic state. When the two-layer quasi-geostrophic model
atmosphere is relatively unstable, the fastest growing mode has a monopole
cyclogenesis structure with largest amplitudes in the North Atlantic and Pacific oceans.
However, when the static stability parameter is increased to make the model
atmosphere less unstable, the fastest growing mode has large-scale high-low dipole
structures consistent with the onset of blocking in the Pacific Ocean. The dipole vortex
pairs are also much slower moving than the monopole mode for the more unstable
atmosphere.

For idealised basic states it is found that the meridional wave number of the fastest
growing mode increases as the flow is made less unstable by decreasing the vertical
shear or increasing the static stability parameter. The monopole and dipole structures
are just two members of a family of multipole structures.

The instability properties of an instantaneous southern hemisphere winter synoptic
flow field are analysed using a five-level spherical quasi-geostrophic model. The eight
fastest-growing disturbance modes are discussed for this three-dimensional basic state.
A comparison between the observed development of cyclones and blocks and the
perturbation modes is presented. It is found that three-dimensional instability is able to

capture many of the essential synoptic features.

Introduction

The generally accepted theory of cyclogenesis,
which was first proposed by Charney (1947) and
Eady (1949), is that of linear baroclinic instability of
the large-scale atmospheric flow field. On the other
hand, over the years many different theories have
been proposed to explain different features of
atmospheric blocking, as discussed for example in
Frederiksen (1982a). Recently, it was suggested
(Frederiksen 1982a, 1982b, 1982d) that three-
dimensional instability theory should be able to
provide a unified theory of threshold phenomena in
flow problems such as cyclogenesis, the onset of
blocking, the onset of the stratospheric sudden
warming and, very likely, the onset of the monsoon.
Such an approach to understanding these
phenomena would appear to be attractive on the
basis of its simplicity. In particular, it would seem
desirable if a theory of cyclogenesis could also
explain the formation of high-low dipole structures
in specific geographic locations during the onset of
blocking. High-low vortex pairs, with the high
pressure cell near 60°N and the low pressure cell
south of 40°N are typical of northern hemisphere
blocking situations which last longer than a week
(Austin 1980). Similar vortex pairs at corresponding
latitudes are also characteristic of southern
hemisphere blocking (van Loon 1956, 1972). The
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preferred geographic locations of blocks are in the
northeast Atlantic and Pacific oceans in the
northern hemisphere and eastern Australasia, the
Scotia Sea and the region between Marion and
Crozet Islands in the southern hemisphere.

It is the purpose of this article to provide a
relatively self-contained review of the three-
dimensional instability theory of the onset of
blocking and cyclogenesis and as well to present
some new results and interpretations. In the
following section, the instability properties of the
three-dimensional northern hemisphere winter
climatological flow field is considered using a two-
layer spherical quasi-geostrophic model. The fastest
growing disturbance modes are examined for
different values of the static stability parameter. The
fastest growing mode has a monopole cyclogenesis
structure with maximum amplitudes slightly
downstream of the jet stream maxima when the
basic flow is relatively unstable. With a larger static
stability parameter corresponding to a more stable
flow, the fastest growing mode is considerably more
slowly moving and has dipole structures with largest
amplitudes in the Pacific Ocean.

The instability characteristics of idealised flows,
such as solid body rotation and single planetary
waves, are considered later in this paper. The
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changes in the meridional wave number of the
fastest growing mode for varying vertical shears and
static stability parameters are studied. In a later
section, we analyse the instability properties of an
instantaneous southern hemisphere winter synoptic
flow field. A number of the fastest growing
disturbance modes are examined for the three-
dimensional basic state and as well when the
corresponding zonally averaged basic state is used.
A comparison between the observed development of
mid-latitude cyclones and blocks and the results of
instability theory is presented. The conclusions are
summarised at the end of this paper.

Northern hemisphere climatological
basic flows

To illustrate how the onset of blocking and
cyclogenesis may be considered as instabilities,
which grow on three-dimensional flows for different
parameter ranges, we consider first the instability of
a three-dimensional northern hemisphere winter
flow in a two-layer spherical quasi-geostrophic
model.

(a) Model details

The two-layer P-model that we shall use for this
study was discussed in detail in Frederiksen (1978,
1982a) and originally derived by Lorenz (1960).
Here we briefly summarise the equations and
describe how the instability problem is formulated.
In dimensionless form the P-model equations take
the form:

90/0t = ~J(,0) + 6V + F,, ... la)
JURY/ot = 3,V + 2u) ~J(7, V27)
+F,,  ...I0b)
aV2r/at = ~J(y,V2r) ~J(r, V% + 2)
+V.2uVx+F,, ..1(©)
Vi = V.2uvr. ()

The original dimensional equations are made
dimensionless by taking the earth’s radius a, and the
inverse of the earth’s angular velocity Q! as length
and time scale and alZQZ/bCp as a temperature scale,
where C, is the specific heat of air at constant
pressure and b(= 0.124) is a dimensionless constant.

In Eqn I, the average ¢ and shear 7 stream
functions are taken to be related to the stream
functions in the upper ¥' and lower y? layers
through the relations

yo= B+ ), = %Y ) O]
Further, 6 is the average potential temperature, x
the velocity potential in the lower layer and u is sin ¢
where ¢ is latitude. The two layers are frequently
taken to have stream functions representative of 250
and 750 mb, although other levels are also
commonly taken as representative. Here we shall

take the representative levels for the basic flow field
in the upper and lower layers as being 300 mb and
850 mb. The dimensionless static stability
parameter ¢ is given by

o = bC,A0/2a2? oL 2
where Af is the mean potential temperature
difference between the upper and lower layers. The
effects of diabatic heating, topography and
dissipation etc. are taken to be included formally in
the operators F,, F_and F,.

(b) Basic state

In this section, we use basic climatological northern
hemisphere winter 300 and 850 mb stream function
fields derived from observations in the manner
described by Blackmon (1976). The average over the
eight winters 1963-64 to 1970-71 was used. The
basic stream functions (denoted by a bar) were
expanded in a general spherical harmonic
decomposition

7o = Re(ES P e j=13 .3

p=-2v=p|

at each level. Here N is longitude, P#u) are
orthonormal Legendre functions, ¥, are spectral
coefficients, p is zonal wave number and v is total
wave number. A triangular truncation with
truncation wave number 18 was used. Figure 1
shows the corresponding geopotential height for 300
mb.

Once ¢ has been specified through Eqn 3, the
relation (Eqn 1(d)) determines the basic potential
temperature §  The basic state is taken to be
stationary and the operators F,, F_and F, are
supposed to balance the basic state. For the sake of
simplicity these operators are also supposed not to
act on the perturbations, i.e., they are
inhomogeneous. The implications of this

Fig. 1 Geopotential height, m, of 300 mb surface for
northern hemisphere climatological winter.
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prescription have been discussed in some detail in
Frederiksen (1978, 1979b, 1982b).

(c) Disturbances

For the disturbances we take general perturbations
(which for convenience we denote by the original
symbols in Eqn 1) of the form
(@) © ® m
fAu,t) = Re{ 2 2 £ P, (u) X expli(mh-wt)]}
m=-© n=|m| .. 4
where f is any of the disturbance fields. The
superscript « in Eqn 4 has been introduced to
emphasise the fact that for linear eigenvalue-
eigenvector problems, the amplitude and phase of
the eigenvectors are arbitrary. In particular if we
choose to normalise the eigenvectors to a given
magnitude then this arbitrariness may be expressed
by the statement that: if {f© }-is a solution to the
eigenvalue-eigenvector equations with eigenvalue w
= w + iw; then sois {f@} = {f©) eia} whereo < a
< 2m.

In the above, m is the zonal wave number, n is the
total wave number and w is the complex angular
frequency. In practice the summations in Eqn 4 are
truncated; we use a parallelogrammic truncation in
whichm = 0, 1, ..., 15 Only stream functions
which are antisymmetric between the two
hemispheres are considered and we take
n=|mj+ 1, jml+ 3 ..., [m]+ 11 for the
disturbance stream functions.

The appendixes of Frederiksen (1978a, 1982b)
describe the method of linearising Eqn 1 about the
basic states and solving the consequent eigenvalue-
eigenvector equations for the complex angular
frequency w and the amplitude coefficients @)

(d) Random phase ensemble average (RPEA)

For zonally averaged basic states, where the
perturbation has a single zonal wave number, the
operation of taking zonal averages removes the
phase ambiguity in Eqn 4. For more general three-
dimensional basic states, it is desirable to define
more general averages that generalise the notion of
zonal average to the extent that the results do not
depend on the phase factor. This was done in
Frederiksen (1979a, 1980, 1982a) by introducing the
RPEA of bilinear quantities (or equivalently the
‘non-oscillatory in time contribution’ to bilinear
quantities). The RPEA is defined as follows: if L
and M are two linear operators depending only on A
and u and g (A,u,t) is defined by Eqn 4 with f — g,
then the RPEA of L(f*)) M(g¥) is given by

L@ A\ t)] Mg (A, p,1)]>

= =[*"da L[] M[g®)] ...5

T

It has been argued (Frederiksen 1979a, 1979b,
1982a) that the RPEASs of bilinear quantities are the
appropriate terms to compare with observed
averaged quantities.

(e) Dominant monopole cyclogenesis mode: Case 1

We first consider the instability of the basic state
described in Section (d) (see Fig. 1) when the static
stability parameter has the value

o = 0.0067 ...6

This corresponds to a potential temperature
difference between the two layers of approximately
23 K and represents relatively unstable flow.

The dimensional growth rate (wdi) and phase
frequencies (w‘:) for modes 1 to 4, the four fastest
growing modes, for the basic state described in
Section (b) are shown in Table 1. The upper layer
disturbance stream function for mode 1 (at t = 0) is
shown in Fig. 2 while the upper layer RPEA
disturbance stream function squared <y2> for this
mode appears in Fig. 3. The instantanecous
disturbance has an essentially monopole structure
(with latitude) and both the instantaneous and
RPEA disturbances have largest amplitudes in the
observed positions of the storm tracks, slightly
downstream of the major jet streams. Here the
development off the east coast of North America is
somewhat more pronounced than in the Pacific
compared with band-pass filtered observations (e.g.
Blackmon 1976, Fig. 5a). However, as discussed in
Frederiksen (1982c), the relative amplitudes in the
Pacific and Atlantic depend on the vertical
resolution and on the particular mode examined.

The second and fourth fastest growing modes
have stream functions which are qualitatively
similar to those of mode 1. As seen from Table I,
these three modes also have similar periods. In
contrast mode 3 has a considerably longer period
and thus is slower moving. Its structure is one of
high-low vortex pairs with largest amplitudes in the

Fig. 2 Disturbance stream function (at t = 0) in the upper
layer for the fastest growing mode (mode 1) in case
1. The (arbitrary) units may be taken to be 105 m?

s,
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Fig. 3 RPEA disturbance stream function squared in the
upper layer for mode 1 in case 1. The units may be
taken as 10! m* 2,

Pacific and to a lesser extent in the Atlantic. Modes
similar to the third fastest growing mode for Case |
will be shown in Section (g).

Table 1. Phase frequencies and growth rates of the
four fastest-growing modes for case 1 for
northern hemisphere climatological winter
basic state. The periods are also shown.

Mode w! T4 wf

(deg day) (days) (day™)
1 109.7 33 0.4270
2 91.8 39 0.4171
3 48.7 7.4 0.3924
4 74.7 4.8 0.3892

(f) General stability criterion

In blocking situations, the meridional temperature
gradient is decreased and hence, at least locally, the
flow field should be less unstable in general than for
high-index circulation. Thus one might expect to
find that high-low dipole structure modes might be
the dominant instabilities in situations when the
basic flow is less unstable than that considered in
Section (e). In particular, one might expect an
interchange in the relative growth rates of the
monopole cyclogenesis (and anticyclogenesis) and
the dipole modes of Section (e).

In order to see how the basic state may be made
less unstable let us consider the general stability
criterion formulated in Frederiksen (1980) for a
two-layer quasi-geostrophic spherical model. This
criterion was formulated for zonally averaged flows.
However, it has also been found to be very useful for
interpreting the results of instability studies of three-
dimensional basic states. The general criterion for

incipient instability is that the product of the
potential vorticity gradients in the two layers vanish.
This may be expressed in the form

[0'-0-a(1-p?) "y HaQ-%d? ((1-p)*0")/dp?] x
[3'-u*+o(1-u2) “u2{aQ-Yd(1-4") ¥T')/du)
=0. ...7a)

Here u' is the dimensional zonal velocity in the

upper layer and u? in the lower layer. Now, if ul is
greater than u3 and if baroclinic processes are more
important than barotropic processes, then the
relevant instability criterion comes from the
vanishing of the first factor in Eqn 7(a), i.e.

-0 G(1-p?) tuHaQ-14d? (1-x2) *U)/du?}
=0....7b)

Note that Eqn 7 is a generalisation of Phillips’
(1954) criterion for baroclinic instability, in that it
includes the barotropic term in curly brackets. That
is, Eqn 7 takes account of both baroclinic and
barotropic instability.

The left hand side of Eqn 7(b) is referred to as the
‘excess shear’ and it has been found (Frederiksen
1978, 1979a, 1980, 1982a) that for zonally varying
basic states the largest amplitudes of the
perturbations generally occur slightly downstream
of the latitudes where the excess shear is largest.

From Eqn 7 we see that the flow may be made less
unstable simply by decreasing the vertical shear,
u'-u3 or by increasing the static stability parameter
o. In both cases we see that the relative importance
of baroclinic instability compared with barotropic
instability is decreased. In Section (g) we shall make
the basic flow less unstable by increasing . This of
course is a global change in the stability properties
while in the actual atmosphere a local change may
be more common and realistic. We shall leave such
synoptic situations for later discussion and
concentrate on a parameter study in which & is
increased in Section (g). It does seem interesting
that perturbation dipole modes may become the
dominant modes without changing the basic stream
function pattern in the regions where blocking
usually occurs.

(g) Dominant dipole blocking mode: Case 2

In this section we examine the instability of the basic
state described in Section (d) when the static
stability parameter is increased to

o = 0.008. ... 8

This corresponds to a potential temperature
difference between the two layers of approximately
28 K.

Table 2 shows the dimensional growth rates (w9,
phase frequencies (w %) and periods (T %) of the four
fastest growing perturbation modes for Case 2. The
less unstable flow has now yielded somewhat smaller
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growth rates as expected. We again find a range of
periods some of which are approximately twice as
large as the smallest. As in Section (e), these are
found to be associated with different structures of
the disturbance stream functions.

Table 2. As in Table 1 for case 2.

Mode w ‘rj T,d wid

(deg day™) (days) (day")
1 48.3 7.5 0.3355
2 59.5 6.1 0.3352
3 93.0 39 0.3302
4 379 9.5 0.3219

Figure 4 shows the disturbance stream function
(at t = 0) in the upper layer for the fastest growing
mode while the RPEA disturbance stream function
squared <y2> in the upper layer appears in Fig. 5.
Modes 2 and 4 are also fairly similar to mode 1
while mode 3 has a monopole cyclogenesis structure
similar to that shown in Fig. 2 with largest
amplitude off the east coast of North America.
Again, there is a correlation between larger
meridional wave number and longer periods (or
smaller phase frequencies).

The large-scale high-low vortex pairs with largest
amplitude in the Pacific Ocean, that occur in Fig. 4
would appear to be consistent with the onset of
blocking in the Pacific Ocean. In fact, after the
study of the onset of blocking and cyclogenesis using
northern hemisphere climatological basic flows
(Frederiksen 1982a) was completed, I obtained a
preprint by Dole (1981) of a talk presented at the
1981 IAMAP Symposium at Reading. There he
summarises the results of observational studies of
blocking in the Pacific Ocean. He finds both positive
and negative anomalies in the north central Pacific.
The anomalies have a dipole structure with positive
anomalies having the high poleward of the low and
vice versa for negative anomalies. He notes that:
‘The overall impression of this pattern is of a
dominant center near the key point, a center of
opposite sign located about 25 degrees of latitude to
the south of the dominant center and a train of
anomaly centers of alternating signs and decreasing
magnitudes extending downstream from the main
center’.

Dole also describes the time evolution of
composite analyses of 15 positive anomaly cases in
the Pacific. He finds that there is little evidence of a
precursor until about four days before the onset
where there are weak negative anomalies over the
key region in the north central Pacific. He also notes
that the ‘sequence of development suggests that the
initial rapid growth of the main center is primarily
associated with the propagating, intensifying
disturbance which originates in mid-latitudes near
Japan’ and that ‘this disturbance continues to
intensify as it becomes quasi-stationary over the key
region’. Thus, it would appear that the results for

Fig. 4 Asin Fig. 2 for case 2.
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mode | are consistent with the initial behaviour of
disturbances which form blocks corresponding to
positive anomalies.

The RPEA disturbance stream function squared
in Fig. 5 also shows the regions of the onset of
blocking which occur upstream of the main regions
of occurrence of mature blocks in the Pacific shown
in Fig. 4c of Blackmon (1976).

Finally it should be noted that if the static
stability parameter is increased still further, dipole
structures in the disturbance stream function of the
fastest growing mode then occur over a larger area
of the globe (Frederiksen 1982a). Their maximum
amplitudes occur in the Pacific and Atlantic oceans
and on the east coast of North America, although
there are also indications of regions, such as over the
north Soviet Union, where the meridional wave
number is even larger.



20

Australian Meteorological Magazine 31:1 March 1983

Simple basic flows

It is clear from the results of the previous Section
that many of the properties of the monopole
cyclogensis and dipole blocking modes depend on
the three-dimensional nature of the basic flow and
its combined baroclinic-barotropic instability. In
particular, the geographic locations of the regions of
preferential development depend on the longitudinal
variations of the basic flow field. However, one
might ask the question as to whether the interchange
of instabilities having monopole and dipole
structures as the basic flow is made less unstable
also occurs for simpler flows. This is in fact the case.
The change in the meridional wave number of the
fastest growing perturbation for different vertical
shears and static stability parameters was
considered by Baines and Frederiksen (1978) for
basic state solid body rotation flows and by
Frederiksen (1978) for basic state planetary waves.
At the time the possible relation of these studies to
the onset of blocking was not appreciated.

Let us reconsider the instability of zonally
averaged solid body rotation basic states in the P-
model. Then instead of the general spectral
decomposition (Eqn 3) at each level we have that the
basic state stream functions are given by

¥=-APSw),7=-BPSW ...9%@)
or
¥'=—(A,+B)PY W), ¥
= —(A;~B)P() ... 9(b)
where
PO =VEip=V5sing 0]

Thus, the zonal velocity is proportional to cos¢ and
the meridional velocity is zero for the basic state;
hence the terminology ‘solid body rotation’.

For zonally averaged flows the instability
equations become separable in longitude. Thus the
coupling between the different zonal wave numbers
in the perturbations in Eqn 4 no longer occurs. For
each zonal wave number we therefore take
perturbations of the form in Eqn 4 but with the sum
over m removed. A truncation where n = |m| + 1,
Im| + 3, ... [m| + 29 for the antisymmetric
disturbance stream functions was used.

Figure 6 shows the growth rates and structures of
the fastest growing disturbance stream function
amplitudes as a function of static stability
parameter o and vertical shear B, for the case A, =
B,, i.e. zero flow in the lower layer. On the right of
the figure are depicted lines of constant growth rates
w?=0,0.04 x 2, 0.08 x 27 day ' as a function of B,
and o and for different zonal wave numbers. On the
left are shown the meridional structures and zonal
wave numbers of the amplitudes of the fastest
growing modes as a function of B,. It is evident that
as the instability of the basic flow is decreased a

Fig. 6 Critical amplitudes and lines of constant growth
rate for various zonal wave numbers, m, for the P
model for solid body rotation of the upper layer,
with the lower layer at rest. B, denotes one-half the
angular velocity of the upper layer, and ¢ is the
dimensionless static stability parameter. The curve
w;= 0.08 x 27 for m = 1 lies above the scale of the

figure.
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— — — Phillips’ instability criterion
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The curves displayed on the left denote the
amplitude of the stream function in the upper layer
for the most unstable mode, for the parameters

indicated.
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whole family of multipole structures are
encountered. The monopole and dipole structures
discussed previously appear to be only two members
of this family that occur in the particular parameter
range describing atmospheric flow. Note also that as
the meridional wave number is increased the zonal
wave number of the fastest growing mode is
decreased.

As the instability of the flow is decreased by
increasing the static stability parameter, the
meridional wave number of the fastest growing
mode also increases (not shown) in a way similar to
that discussed earlier. Note also that Phillips’
instability criterion, applied at the pole where
instability first occurs, gives quite a reasonable
indication of the threshold of instability.

It should also be noted that in order for the fastest
growing disturbance amplitude to change its






