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This report considers schemes for the objective analysis of meteorological fields, in
which the interpolated increment to a background (first guess) field can be expressed
as a weighted sum of observed increments. The expected mean square interpolation
error of such schemes can be computed theoretically. Statistical (‘optimum’)
interpolation methods (Gandin 1963; Rutherford 1972), and successive correction
methods (Cressman 1959), both satisfy the above criterion. The sensitivity of statistical
interpolation, to departures of the assumed statistical properties of observational and
background field errors from their true values, is discussed. The theoretical
interpolation errors of statistical interpolation and successive correction methods are
compared. Corresponding differences in the observational weights, and in actual
analyses, using the two methods, are discussed and illustrated by examples.

Introduction

A common strategy for the objective analysis of
meteorological fields is the use of observations to
update a background or first guess field. The
background field is a means of incorporating ‘a
priori’ information, such as climatology, persistence,
or a short range forecast. This basic strategy, which
has been known at least since Bergthorsson and Doos
(1955), is still widely used today. The data
assimilation systems of the European Centre for
Medium Range Forecasts (Bengtsson et al. 1982),
and the United States National Meteorological
Center (McPherson et al. 1979), both employ an
analysis-forecast cycle, in which observed data are
used to correct an ongoing dynamical model at
intervals of a few hours.

The accuracy of an objective analysis produced
by the above approach will depend upon three
factors, namely, (i) the observations, (ii) the
background field, and (iii) the analysis method. More
specifically, the density of the observational network
and the accuracy of the observations will both
obviously influence the analysis quality. A good
background field, such as a short range prediction,
can enhance the analysis by incorporating space-time
continuity in a dynamically consistent manner.
Finally, the way in which the observations are used
to update the background field is also important.

Interpolation theory (Gandin 1963) has been used
in many studies to assess quantitatively the effects
upon analysis accuracy both of network density, and
of observational and background field error (e.g.
Alaka and Elvander 1972; Bergman and Bonner
1976; Seaman 1977). Similar theoretical
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considerations can be used to study the influence of
the analysis method itself. For example, Gandin
(1963, Ch. 4) compared optimum interpolation using
a climatological background field, with several other
methods, for specified networks.

The purpose of this paper is to delve further into
the question of how changes to the analysis algorithm
(either to the method itself, or to parameters within
the method) affect the accuracy of the resultant
analysis. The approach adopted is essentially the
same as that of Gandin, but it will be presented in .
such a way as to emphasise the range of problems
relevant to present day analysis schemes, which can
be addressed. Those analysis schemes will be
considered, in which ‘the increment to the
background field (at a grid point) can be expressed
as a linear weighted sum of observed increments. For
all schemes which can be formulated in this way, the
mean square analysis error can be computed
theoretically. The general approach followed is
therefore widely applicable, but for illustrative
purposes attention will be focused upon two methods
which, according to a survey in Bengtsson et al.
(1981), are among the most commonly used in
practice. These methods are statistical (‘optimum’)
interpolation (Gandin 1963; Rutherford 1972), and
successive correction (Cressman 1959).

In statistical interpolation, the weights assigned to
observed increments are computed from user-
specified parameters which are based upon the
presumed statistical covariance properties of the
observational error and the background field error.
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The analyses produced by statistical interpolation will
be optimum, in the sense of minimising the mean
square analysis error, only if the user-specified
parameters reflect the true (as opposed to the
presumed) statistical structure. This point was made
by Gandin (1963, p. 83) when he originally
formulated his approach. While the increasing
popularity of statistical interpolation suggests that
sensitivity to parameter specification may not be too
serious a problem in practice, a quantitative
assessment is nevertheless desirable. Using
interpolation theory, this report therefore focuses in
some detail upon the question of sensitivity of
statistical interpolation error to departures of the
assumed statistical parameters from their true values.
In this respect, it is an extension of what Gandin did
when he investigated the effect of incorrectly
specifying one parameter (the observational error
variance).

The successive correction method (SCM) in
practice consists of several iterations of corrections
to successively updated guess fields, interspersed by
applications of a smoothing filter and interpolations
from grid points to observation points. However,
such schemes essentially are equivalent to a single
(non-iterative) weighted sum of increments from a
background field. The corresponding mean square
error therefore can be computed. The theoretical
error estimate of the SCM will be used here for two
purposes; firstly, as a basis for tuning the many user-
specified parameters of the SCM, and secondly for
comparing the interpolation errors of statistical
interpolation and successive correction.

The major thrust of this paper therefore is based
upon the estimates of mean square interpolation
error available from interpolation theory. However,
the equivalence of the SCM to a single linear
weighted sum of increments also permits a direct and
informative comparison of observational weights for
statistical interpolation and successive correction
methods. Corresponding characteristic differences
between actual analyses using the two methods will
be illustrated by examples.

For simplicity, two-dimensional univariate
analyses will be considered. However, it will be clear
that a similar approach is applicable to three
dimensions, and (in the case of statistical
interpolation) to multivariate problems.

Interpolation theory

Since this paper is concerned with analysis schemes
which use a background field, the following
discussion will refer to increments f to a background
field rather than to total field values. The “symbol
is used to denote estimated or observed values which
are subject to error; terms without a “denote true
values.

Standard interpolation theory (e.g. Gandin 1963)
proceeds as follows. Consider a grid point 0, and
observing’ points i (i=1 to n). The grid point

increment f, is estimated from observed increments
f; by the weighted sum

Iw,
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Ew; (f; + ¢)

where ¢; is the observational error. Now consider
analyses of a number of situations (an ensemble of
analyses) using Eqn 1, and denote the ensemble mean
by an overbar. It is assumed that the background
field is unbiased (f; = f, = 0). The ensemble mean
square error of interpolation is given by

E: = {f-Tw (f; + o)}

which, by neglecting terms involving ;E and a,
and assuming local homogeneity of covariances,
reduces to

E}/o® = 1-2Ewipy + EDww;(p; + Npi) L2

Here ¢ = f = f?is the background field error
variance, \2 = 6_|2/02 is the normalised observational
error variance, u, is the increment correlation
coefficient between grid point 0 and observing point
i, w; is the increment correlation coefficient between
observing points i and j, and ;; is the correlation
coefficient of observational error between points i
and j.

Equation 2 gives the normalised ensemble mean
square error for any interpolation scheme which can
be written in the form of Eqn 1, and this is the basic
equation for all the error estimates in subsequent
experiments. For a specified observational network,
the terms on the right of Eqn 2 are of two types.
These are (i) the weights w, which depend upon the
analysis method and the user-specified analysis
parameters, and (ii) the terms pu,, u;, A* and 0ij
which (for all combinations of 0, i, and j) describe
the frue ensemble characteristics of the increments
and observational errors.

The basis of the approach to assessing the effects
of different analysis methods, and the effects of
different user-specified analysis parameters, is to let
terms of the first type vary, while holding terms of
the second type fixed. In the next section a
simplification is introduced which reduces the
number of parameters necessary to describe the true
ensemble characteristics.

Correlation coefficient functions

Many observational studies have indicated that it is
reasonable to describe the two-point correlation
coefficient y; by a function, either of the djstance
between the points i and j (isotropic case), or of the
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distance between the points and the orientation of
the line joining them (anisotropic case). A function
of the Gaussian form is found to fit observed
correlation coefficients of pressure, geopotential and
temperature increments reasonably well up to about
2000 km separation.

In the isotropic case, the Gaussian function defines
a length scale parameter L, such that

w=exp (0.5 s*/L?%) ... 3

where s is the separation.
A similar equation for observational errors defines
a length scale parameter Lg.

In the anisotropic case, y; depends upon the
separation s and the orientation ¢ of the line joining
iand j, and the contours of y;; in (s, 6) coordinates
are elliptical. The parameters describing anisotropy
are e (ratio of major to minor axis of the elliptical
contours), and ¢ (the orientation clockwise from
north of the major axis). In this case

w= exp (-0.5d*/L?%),

where d?=s? [e”? cos? (0-¢) + e’ sin® (0-¢)].

The use of correlation coefficient functions as
described above, enables the ensemble characteristics
of the increments and observational errors to be
described (i) in the isotropic case, by the parameters
L, Lg and A, and (ii) in the anisotropic case, by the
parameters L, Lg, A, e and ¢.

Because of their significance to objective analysis,
the parameters L and A warrant further discussion.
It follows from Eqn 3, that L is associated with the
characteristic size of disturbances in the increment
field. This in turn implies a dependence upon the
quality of the background field. For example,
observational studies indicate that the value of L is
larger when the background field is climatology, than
when the background field is short term persistence
or a short range forecast. The implication for
objective analysis is that, if L is known to be
characteristically large, the observations should be
allowed to spread their influence over a wider area
than when L is small, thereby tending to produce
correspondingly larger scales in the analysed
increments.

The parameter A, being the ratio of observational
error standard deviation to background field error
standard deviation, is essentially a noise to signal
ratio. Like L, it is dependent upon the quality of the
background field, but unlike L, it is influenced by
the magnitude of the background field error rather
than by its spatial scale. The accuracy of the
observations also obviously influences the value of
\. The implication for objective analysis is that if
the observations are known to be. much more reliable
than the background field (small N), the analysis
should fit the observations closely. On the other

hand, if the observations are known to be noisy
(larger \), they should not be fitted too closely and
a contribution from the background field should be
incorporated. )

The last two sections have been general in their
applicability to all analysis methods which can be
expressed in the form of Eqn 1. In the next two
sections, attention is focused on the particular
analysis methods which are the subject of this paper.

Statistical interpolation

A particular choice of weights in Eqn 1 is that which
will minimise the mean square error of interpolation.
That condition is satisfied if

8(E?)/éw;, = 0;1 =1, n ... 4

This is a set of n equations for the n unknowns w;.
Denote this set of optimum weights as p;.
Substitution of p; for w; in Eqn 2 gives the
corresponding error of optimum interpolation

(E?’) OPT = o* (1-Lp,p) B

An interpolation scheme is truly optimum only if
the true ensemble characteristics are used on the right
side of Eqn 2 prior to solving the set of equations
(Eqn 4). In practice this is of course impossible,
because the true state of the atmosphere is never
known precisely. The relevant characteristics can be
specified only from historical data or from the data
at hand, and assumptions such as homogeneity and
isotropy introduce further inaccuracy. For these
reasons the terminology of Rutherford (1972) has
been followed, denoting practical analysis schemes
based on mean square error minimisation as
‘statistical’ rather than optimum.

In the experiments to be described, the question
of the sensitivity of statistical interpolation to
departures of the assumed ensemble characteristics
(i.e. the user-specified parameters) from their true
values, has been addressed. For the isotropic case,
the question can be paraphrased to that of what
happens to the interpolation error as (L, Lg, A) vary
about a particular (L, Lg, N\). The procedure for
answering this question consists of the following
steps.

(a) Specify the geographical locations of grid

points and observing points.

(b) Assign specific numerical values to (L, Lg, A;

L, Lg, M.

(¢) UseL, Lg and Eqn 3 to compute i, &; and
Py for all 0, i, j. Substitute juy;, i, pj; and A
in Eqn 2.

(d) Solve Eqn 4 for w,. Denote this set of weights
as q;. Because “values have been used in the
previous step, the ¢; are not the optimum
weights.
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(¢) Use true values L, Lg and Eqn 3 to compute
Hois iy and py; for’all 0, i, j.

() Substitute true values pg, kijs o and A,
together with weights q;, into Eqn 2, and
hence compute a normalised root mean square
interpolation error Ey = (E%/0%)%. This
value of Ey is the error of statistical
interpolation corresponding to (L, Lg, A; L,
LE» )\)

(8) Repeat steps (b) to (f) for different settings of
@, Lg M.

In a later section, a slightly different question w1lI
be addressed by allowing (L, Lg, N) to vary about
a particular (L LE, )\) This represents the situation
where a choice of parameters has been made, and
we wish to know what will happen if the true

characteristics of an ensemble differ from our choice’

in various ways.

Successive correction

The successive correction method (Cressman 1959)
consists of iterative application of the following
- steps.

(a) Interpolation of a background field to the
locations of the observations.

(b) Evaluation of a correction (observed minus
background) at the location of each
observation.

(¢) Accumulation at each grid point of a weighted
sum of corrections from observation points
within a specified scan area.

(d) Evaluation of an updated value at each grid
point, by adding the weighted sum of
corrections to the background field. The
updated field becomes the background field
for the next iteration.

A smoothing filter may be applied to the
corrections (after step (c)), or to the total field (after
step (d)). The field after step (d) of the final iteration
is the resultant analysis.

The method of accumulating the corrections at
step (¢) is as follows:

I

Co (Ebic;)/Zh; )

- )
(Ebic)/n ) ... 6

or ¢,

where c, is the accumulated correction at a grid
point, ¢; is the correction at an observing point, and
n is the number of observations. The SCM weights
b; correspond to the influence function

b; = (R*-d®»/(R*+d;?), d; < R)

) R
b, = 0 d; = R) ‘
where d; is the distance between observations i and
grid point 0, and R is a prescribed scan radius which
decreases with each iteration. Possible refinements
to the forms of Eqns 6 and 7 are

* modulation of the weights by prescribed
relative reliabilities of the observing platforms,
* modulation of the weights b; by the data
density in the vicinity of i, and
* the use of an elliptical rather than a circular
influence area.
However, such refinements do not affect the
following discussion.

In view of the number of free parameters in the
SCM (scan radii, amount of smoothing, choice
between alternative forms of Eqn 6, etc.), the tuning
of SCM schemes is not a trivial task. In practice, it
is usually achieved by accumulated experience
involving subjective assessment of many analyses.

A crucial point is that steps (a) to (d) (and also
smoothing, if applied) consist solely of linear
operations upon values at observing points and grid
voints. Because of this, it may be shown that the total
increment to the initial background field can be
considered as the sum of two contributions. These
contributions are, firstly, a single (non-iterative)
weighted sum of observed increments from the initial
background field, and secondly, a contribution due
to repeatedly smoothing the background field. The
truth of this assertion is probably intuitively obvious,
so the rather long proof is not given. A consequence
of the foregoing result, if no smoothing is applied,
or if smoothing is applied to the corrections after
step (c) rather than to the total field, is that the
second contribution disappears. Under these not
particularly restrictive circumstances, the result of
the SCM may be expressed simply as an initial
background field plus a weighted sum of observed
increments, which is a form identical to Eqn 1 in
statistical interpolation, namely

f,=Ck f, ... 8

The subsequent discussion will be restricted to the
conditions under which the SCM can be expressed
in the above form,

" An explicit expression for the k; in Eqn 8 in terms
of the scan radii, smoothing parameters etc., would
be very complicated. However, for a specified
network and specified SCM parameters, the
numerical value of a particular_k;, say ki, is
computed easily by setting f, =1 and all
other f 0 and performing an SCM analysis. The
resultant value of f is equal numerically to k.

Since the k; in Eqn 8 can be computed, it follows
that Egn 2 can be used to compute the theoretical
interpolation error of an SCM analysis. Such an error
is of interest for several reasons. It enables a
comparison of SCM interpolation error with the
error of optimum interpolation from Eqn 5. It
enables a similar comparison with the more practical
standard of statistical interpolation with sub-optimal
weight$ (see previous section). It also provides a
rational basis for the important process of tuning the
many free parameters of an SCM scheme, without
analysing a large number of synoptic situations.
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The weights k; are themselves of some interest,
since they permit a direct comparison with the
optimum weights p; from Eqn 4. This comparison
provides some insight into the different ways in
which statistical interpolation and the SCM handle
specified distributions of observations relative to grid
points.

Experiments

The remainder of the report illustrates the points
made in the preceding two sections, for some
observation distributions, and observational and
background field error characteristics which are
likely to be encountered in practice. The observation
and grid point locations used in all the following
experiments, are shown in Fig. 1. Both the density
of observations, and the distribution of observations
about grid points, vary over the domain. In fact the
observing points are a subset of the surface synoptic
network over southeastern Australia, plus one point
over the ocean.

Four combinations of observational and guess
field characteristics have been considered, namely

(1) Observations with small random error;

isotropic background field error.

Fig. 1 The observation and grid point locations used in
all experiments. The circled grid points P, Q, and
R are considered individually.
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(2) Observations with a moderate random error;
isotropic background field error.

(3) Observations with small random error;
anisotropic background field error. "

(4) Observations with spatially correlated error;
isotropic background field error.

The numerical values of the true parameters for each
of the above experiments are shown in Table 1. The
chosen values may be reasonably representative of
(1) sea level pressure in mid-latitudes, (2) radiosonde
temperatures in low latitudes, (3) radiosonde
geopotentials in mid-latitudes, and (4) remotely
sensed temperatures in mid-latitudes.

For each of the experiments (1) to (4), one or more
of the following aspects have been examined:

(a) the sensitivity of statistical interpolation to
departures of the assumed parameters from
their true values;

(b) the theoretical interpolation error and tuning
sensitivity of the SCM;

(c) characteristic differences between statistical
interpolation and successive correction, both
in terms of observational weights and actual
analyses.

For the last purpose, synthetic data sets of
increments, normalised to unit variance and with the
appropriate statistical properties, were generated
directly from the correlation coefficient matrix, using
Cholesky decomposition and standard Monte Carlo
methods (e.g. Ripley 1981, p. 17).

Unless otherwise stated, none of the SCM
experiments incorporated the ‘refinements’
mentioned in the preceding section. The free
parameters of the SCM were (i) the scan radii, (ii)
the amount of smoothing, and (iii) the choice
between alternative forms of Eqn 6.

Results and discussion

Experiment 1 will be discussed in some detail.
Experiments 2 and 3 will be discussed more briefly,
and by cross-reference to 1. All errors are presented
in normalised form; they should be multiplied by a
typical standard deviation of background error to
convert to dimensional units.

Experiment 1 (L=500 km, A=0.1, L =0,
isotropic)

The sensitivity of statistical mterpolatlon to the user-
specified parameters f. and A is illustrated in Figs 2(a)

Table 1. Values of true parameters in experiments 1, 2, 3 and 4.

Expt L Lg A e [}
(km) (km) (degrees)

1 500 0 0.1 1.0 —

2 500 0 0.5 1.0 —

3 500 0 0.1 1.2 120

4 500 300 0.25 1.0 —
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to 2(d). These figures show contours of normalised
root mean square interpolation error corresponding
to variations of L and A about the true values L =
500 km, N = 0.1. Generally the error is rather
insensitive to variations of up to 25 per cent from
the true values. It is also apparent that the use of
too low or too high a value of A is partially
compensated by a departure in the opposite sense for
L, particularly in data-dense areas (Fig. 2(b)). Where
the distribution of observations about the grid point
is very asymmetric (Figs.2(c) and 2(d)), the use of
much too small a value of A can be quite harmful.

The interpolation error of the SCM was evaluated
at each grid point for a wide range of SCM
parameters, with the purpose of finding the
combination which gave the lowest theoretical error.
In view of the large number of free parameters in
the SCM, it cannot be claimed with certainty that
the lowest error was found. However, the sensitivity
to parameter changes, in the vicinity of the apparent
minimum, was only slight, and the corresponding
analyses of synthetic data appeared reasonable.
Table 2 shows the SCM errors at each grid point,
corresponding to the combination of parameters
which gave the lowest area-averaged error. The errors
of optimum interpolation are also shown. The
combination of SCM parameters which minimises

the area-averaged error is not necessarily the same
combination as that which minimises the error at an
individual grid point. However, for practical
purposes, the former combination is probably of
greater interest.

As previously indicated, the interpolation error
corresponding to optimum interpolation is not
achievable in practice, because the relevant statistical
properties are known imperfectly. However, in Figs
2(a) to 2(d) the quite extensive area inside the dashed
contours indicates the wide range of suboptimal
values of L and A for which the error of statistical
interpolation is still less than the lowest achieved with
SCM.

The optimum weights, and the SCM weights
corresponding to the lowest SCM error, are
compared in Figs 3(a) to 3(c) for the grid points
corresponding to Figs 2(b) to 2(d). They indicate that
while the SCM weights decrease more or less
monotonically with distance, the optimum weights
also take into account the distribution of the
observations relative to one another. This
characteristic of statistical interpolation is well
known, but the direct quantitative comparison of
weights, achieved by expressing the iterative SCM
in the form of Eqn 8, is nevertheless of interest. For
the asymmetric distributions corresponding to Figs

Fig. 2 Contours of normalised root mean square interpolation error (preceding decimal points omitted) in experiment
1, for variations of L and A about their true values of (500, 0.1). The parenthesised value, and dashed contour,
correspond to the lowest SCM error (see text). (a) area average, (b) point P, (¢) point Q, (d) point R.
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Table 2. Normalised root mean square interpolation errors at each grid point, for experiment 1. Upper:
Optimum weights. Lower: Using SCM parameters which produce lowest domain-average error.

Preceding decimal point omitted.

p 819 " 664 539
900 735 643
s 603 271 174
692 325 210
s 481 179 070
557 251 102
3 232 154 103
283 301 143
5 409 390 241
597 489 390
| 785 684 423
950 824 642
1 2 3

334 256 294 509
406 302 348 620
106 115 - 128 480
169 186 183 546
068 065 204 587
103 086 288 707
050 062 232 622
080 093 282 777
058 088 386 734
071 116 567 915
140 238 570 851
183 354 769 1030

4 -5 6 7

Fig. 3 Optimum (upper) and SCM (lower) observational
weights (multiplied by 100) in experiment 1. (a)
point P, (b) point Q, (c) point R. The SCM weights
correspond to the SCM parameter setting for
lowest area-averaged error.
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3(b) and 3(c), some of the optimum weights are
significantly less than zero, while this is not the case

with the SCM. This highlights the tendency of
statistical interpolation to extrapolate the gradients
of accurate observations from data-dense into data-
sparse areas, to a much greater extent than does the
SCM. Such a tendency obviously is desirable if the
extrapolation is done in a realistic manner. However,
the type of observational configuration where
statistical interpolation will extrapolate from a data-
dense to a data-sparse area, also may be prone to
mathematical ill-conditioning. This will occur if the
observations used for the extrapolation are too close
together, and give rise to large cross terms in the
correlation coefficient matrix. Gandin (1963) and
Kruger (1969) elaborate upon the ill-conditioning
problem, for which large weights of opposite sign
are a typical symptom.

Analyses of a particular synthetic data set, using
both methods, are shown in Fig. 4 together with the
true field. The examination of many other synthetic
data realisations confirms that Fig. 4 well illustrates
some characteristic differences between the SCM and
statistical interpolation.

Experiment 2 (L=500 km, \=0.5, L. =0,
isotropic)

Experiment 2 differs from 1 in the respect that the
observational error is much greater. As indicated by
Figs 5(a) to 5(d), the sensitivity of interpolation error
to variations of L and A about their true values is
qualitatively similar to that in experiment 1, although
the magnitudes of interpolation error are of course
greater. The point by point comparison (Table 3) of
the optimum interpolation error, versus the lowest
achieved by the SCM, indicates that the
suboptimality of the SCM is not so marked as it was
in experiment 1. The dashed lines in Figs 5(a) to 5(d)
confirm this conclusion. The reason appears to be
that statistical interpolation will smooth more and
extrapolate less with noisy observations than it does
with accurate observations. This is indicated by the
weights at selected grid points in Figs 6(a) to 6(c).






