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For objective analysis by statistical interpolation, theoretical considerations indi-
cate that a lower background field error variance will always result in a lower
interpolation error at points that are very close to, or very far from an observation.
However, at intermediate separations, the benefit of a lower background field error
variance can be offset by the effect of a shorter background field error length scale.
Also, for relatively dense and accurate data, theory indicates that the interpolation
error is insensitive to large variations both in background field error variance and in
length scale.

Real data tests were performed for a month of sea level pressure data over Australia,
using alternative background fields of monthly climatology and a six-hour forecast.
Although the six-hour forecast background field had a much lower error variance
than climatology, both analysis accuracy (assessed by comparison against withheld
data) and quality control effectiveness (assessed by ability to detect deliberate er-
rors) were very similar using each of the background fields. Some possible practical

implications are discussed.

Introduction

The original formulation by Gandin (1963) of the
statistical (‘optimum’) interpolation method of
objective analysis was based on spatial in-

terpolation of deviations from a climatological-

norm. The statistical interpolation approach is
widely used in modern data assimilation systems.
However, most such systems use a short-range
forecast rather than a climatological norm as a
background field, and observed deviations from
the forecast are spatially interpolated. Among the
perceived advantages of using a forecast back-
ground is the ability of a dynamical prediction
model to carry forward the benefits of a data-rich
area at one analysis time to a data-sparse area at
the next.

To the extent that a short-range forecast from
a sophisticated numerical weather prediction
model is closer to the truth than alternative back-
ground fields (such as a forecast from a simpler
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model, a climatological norm, or persistence), it is
qualitatively clear that the analysis in areas re-
mote from data will be correspondingly im-
proved. On the other hand, in areas where the data
are dense one might expect the quality of the back-
ground field to be relatively unimportant. The
purpose of this paper is to investigate quantita-
tively the influence of background field character-
istics on the accuracy of statistical interpolation,
both from theoretical considerations and by
means of some experiments with real data.

The paper begins by setting out equations for
the estimation of analysis error, based on in-
terpolation theory. Calculations of the theoretical
analysis error, as a function of background field
error magnitude, background error scale and data
density, are then made for simple one and two-
dimensional data configurations. The effects sug-
gested by the theoretical calculations are then
studied by means of experiments with real data,
both from the aspects of analysis and of statistical
quality control. Finally, the conclusions are sum-
marised.
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Theoretical interpolation error

The derivation of theoretical interpolation error
which follows is similar to that of many previous
authors (e.g. Gandin 1963; Alaka and Elvander
1972; Bergman and Bonner 1976). However, at-
tention will be focussed upon the particular role of
the background field, whereas the aforemen-
tioned authors were interested rather in the influ-
ences of observational network parameters such
as observational error structures and network
density.

Consider a grid-point G and observing points i,
and assume that { g, the analysed increment from
the background field at G, is obtained by optimum
interpolation (Gandin 1963; Rutherford 1972)
using the linear weighted sum

fG=Zwi?i R |

where f; are the observed increments from the
background field at points i, and w; are the opti-
mum weights. The theoretlcal mean square error
of optimum interpolation I2 is given by

2=B2(I —Zpuyw) L2

where B2 is the variance of the background field
error, and the u,; are the correlation coefficients
of background field error between the observing
points and the grid-point. The quantity I? is an
ensemble measure, in the sense that it is the ex-
pected mean square interpolation error at grid-
point G over a large number of cases with the
same distribution of observing points about the
grid-point. If it is assumed that the background
field is unbiased, that observational errors are un-
correlated with the background field errors, and
that the spatial covariances of observational error
and background field error are locally homo-
geneous, the optimum weights, w;, are given by

w=(E+Q)'q .3

where w is the vector of the weights w;, q is the
vector of the ug;, P is the correlation coefficient
matrix of background field errors between all
pairs of observing points, and Q is the covariance
matrix of observational errors (normalised by
the background field error variances) between all
pairs of observing points. It follows from Eqns 2
and 3 that the mean square interpolation error 12
depends upon the mean square background field
error B2 and upon the spatial covariance proper-
ties of the background field errors and obser-
vational errors as embodied in P, O and q.

The spatial structure of background “errors,
which determines P and q, is commonly parame-
trised in the two-dimensional isotropic case by the
so-called length-scale parameter Lg of the spatial
correlation coefficient function. For a function of
the second order autoregressive form, which will
be used in subsequent sections, the spatial corre-

lation coefficient of background field errors is
related to Ly by

r(d) = (1 + d/Lg)exp(— d/Lg) .4

where d is a two-point separation.

In subsequent sections it will also be assumed
that observational errors are spatially uncorre-
lated. Under these mrcumstances Qi isa diagonal
matrix with elements E3/B where E} is the ob-
servational error variance.

In summary, with the foregoing assumptions,
the theoretical mean square error of optimum in-
terpolation I can be calculated, for any specified
observational dlStI‘lbuthﬂ as a function of the
parameters B2, E2and L2, In the next two sections,
the observational error variance E? will be con-
sidered constant, and it will be shown how the
background field error characteristics (B2, Lg) in-
fluence the theoretical interpolation error 12 in
some simple observational configurations.

While the foregoing theory is valid for any back-
ground field that is unbiased in an ensemble
sense, it is worth emphasising that the interpret-
ation of the word ‘optimum’ varies with the
choice of background field. A background field
should be regarded simply as a prior estimate of
the true field. In Gandin’s (1963) original formu-
lation, in which the background field is a seasonal
or monthly climatological norm, the weights are
optimum for the ensemble of all realisations in the
season or month to which the climatology applies.
When the background field is a short-range fore-
cast, the weights are optimum for the ensemble of
all realisations of deviations from forecasts hav-
ing the assumed error covariance properties.

One observation influencing a
grid-point

The simplest case to be considered is that of only
one observation, separated from a grid-point by
distance d. In this case, the application of Eqns 2,
3 and 4 leads to the result

12=B2{1 —r¥d)/(1 + E3/B2)} .5

where r(d) is defined by Eqn 4. At the one extreme,
as d becomes very large, r(d)—0 and 12—>EB,
in other words, when the observation is distant
from the grid-point, the analysis error approaches
the background field error as would be expected.
At the other extreme, for d =0, the observation
and grid-point coincide and Eqn 5 reduces to

1/1=1/B2+ I/E} ... 6

which is simply the formula for the precision of an
improved estimate obtained by combining inde-
pendent estimates of the same quantity. For both
these extreme cases, the value of Ly is irrelevant,
and a more accurate background field (smaller B)
therefore necessarily results in a more accurate
analysis.
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For the more interesting intermediate case,
where d is neither zero nor very large, the be-
haviour of 12 will depend not only on B but also
upon the background field error length scale Lg.
Equations 4 and 5 now imply that, for a fixed set-
ting of B, a larger value of Ly results in a smaller
value of 12 (a more accurate interpolation). On the
other hand, for a fixed setting of Ly, a larger back-
ground error B results in a larger value of I? (a less
accurate interpolation) as would be expected. In
other words, an increased B and an increased Ly
will have opposite effects on I2. This in turn means
that a more (less) accurate background field need
not necessarily result in a more (less) accurate
analysis, if at the same time the length scale de-
creases (increases). The effect of length scale can
perhaps best be appreciated by considering Ly as a
measure of spatial representativeness, with a
larger (smaller) Ly corresponding to a greater
(lesser) ability to extrapolate an observed in-
crement into data-void areas.

Figures 1 and 2 will quantitatively illustrate the
foregoing discussion. For a fixed observational
error variance EJ, consider alternative back-
ground fields 1 and 2, and define the background
field parameters B*=B,/B;, and L*=L,/L,.
Because E, is fixed, the normalised observational

Fig.1 Analysis error I at a grid-point, as a function of
the separation d/L between a single observation
and the grid-point for alternative background
fields 1 (full curve) and 2 (dashed), where
B,/B; =08, L,/L; =0.5 and e; =0.5. See text
for symbol definition.
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Fig.2 As for Fig. 1, with B,/B; =0.5, L,/L; =0.5 and
€= 0.5.
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error will be different for background fields 1 and
2. Define the normalised observational errors as
e, =Ey/B, and e; = Ey/B,. Figure 1 shows the case
where background field 2 has the lower mean
square error (B* = 0.8), but also has the shorter
length scale (L*=0.5). Applying Eqn 5, with
(B, L) equal toeither (B, L) or (B,, L,), itis seen
that the analysis error I is lower using background
field 2 at small and large separations, but is lower
using background field 1 at intermediate separ-
ations. On the other hand, as indicated in Fig,. 2,
the relative magnitudes of B* and L* are critical in
determining whether a broader length scale can
compensate for a higher background field error at
any separation. If B, is much less than B, then-a .
larger value of L; may not be sufficient to com-
pensate.

Four observations surrounding a
grid-point

The factor of observational data density is now
introduced by considering the simple four-obser-
vation model shown in Fig. 3.

The theoretical interpolation error may once
again be derived using Eqns 2 to 4. Because there
are now four observations rather than one, the
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Fig.3 The four-point observation model used in the cal-
culations for Figs 4(a) and 4(b). G is the grid-
point to which interpolation is performed.
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Fig. 4 Interpolation error ratio I* as a function of B,
with L* = 1, for dense accurate data (full curve),
for less dense, less accurate data (dashed curve),
and for very sparse data (the full straight line).
See text for symbol definition.
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equation (not shown) corresponding to Eqn 5 will
be more complicated, involving the spatial corre-
lations of background field error between pairs of
observing points, as well as the correlations
between the observing points and the central grid-
point.

As in the previous section, Ej is fixed and
alternative background fields 1 and 2 are con-
sidered, with B*, L* and ¢, defined as before.
Additional non-dimensional parameters intro-
duced are a normalised data separation s=d/L,,
and the ratio of the interpolation errors using
background fields 1 and 2, namely [*=1,/1,. The
focus of interest will be how I* varies, as a func-
tion of the background field parameters B* and
L*, for various settings of ¢, and s.

Figures 4 and 5 show respectively the effect of
B* on I* when L*= 1, and the effect of L* on I*
when B*= 1. The full curves correspond to rela-
tively dense and accurate observations (s=0.1,
¢; = 0.1), and the dashed curves correspond to less
dense, less accurate data (s=0.5, ¢, =0.5). The
full curve in Fig. 4 indicates that for dense, accu-
rate data, I* is close to | when B is in the range 1.0
to 0.3. Similarly in Fig. 5, the full curve indicates
I* close to 1 when L* is in the range 1.0to 0.5. In

Fig.5 Interpolation error ratio I* as a function of L*,
with B* = 1, for dense accurate data (full curve)
and for less dense, less accurate data (dashed
curve). See text for symbol definition.
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other words, the interpolation error is insensitive
to quite substantial differences both in mean
square error and in length scale, between alterna-
tive background fields, when the data is both
dense and accurate. For less dense, less accurate
data, the sensitivity to the background field mean
square error is greater, but the dashed curve
in Fig. 4 exhibits a qualitatively similar non-
linearity to the full curve. It is only in the limiting
case of very sparse data (the full straight line) that
the response of interpolation error to background
field error becomes linear.

A comparison of the dashed curves in Figs 4 and
5 indicates that 9I*/6B* is positive (Fig. 4), and
that 91*/aL* is negative (Fig. 5). Therefore, as in
the one-observation case, an increased accuracy
in the background field (lower B*) may be offset
by a decrease in length scale (lower L*).

Real data tests

The main points to emerge from the last two sec-
tions were: (a) the compensating effects, upon
interpolation error, of background field error
variance and background field length scale in
some circumstances; and (b) the insensitivity of
interpolation error to substantial differences in
background field characteristics when the obser-
vational data is dense and accurate. However the
observational configurations considered were
very simple and idealised. Moreover, the theor-
etical calculations of interpolation error included
many assumptions and were based upon optimum
interpolation, which implies a perfect knowledge
of the statistical properties of the background
field and the observations.

In practice, the situation is of course much
more complicated. The following real data tests
therefore address the question of background
field influence upon interpolation accuracy from
an experimental rather than from a theoretical
standpoint. Two very different types of back-
ground field, climatology and a short-range NWP
forecast, are used. Also, two distinct applications
of spatial interpolation, namely objective analysis
and quality control, are considered.

Analysis accuracy experiments

Daily 0000 UTC analyses of sea level pressure
were performed for January 1990 over Australia.
The analyses were performed by univariate stat-
istical interpolation, using alternative back-
ground fields of (a) the climatological mean field
(Le Marshall et al. 1985), or (b) the archived six-
hour forecast field from the Bureau of Meteorol-
ogy Research Centre global assimilation system
GASP (Bourke et al. 1989).

In order to provide a fair comparison between
the analyses resulting from the alternative back-
ground fields, it was necessary to ensure that the
background field errors, B, and length scales, Ly,
used in those analyses were appropriate to the cor-

responding forecast or climatological background
fields. If, for example, the best available estimates
from historical climate and historical forecast
data were used, it could perhaps be argued that the
statistics for the one or the other type of back-
ground field were the more reliable. To avoid any
such bias, the best available values of B (as a func-
tion of latitude) and of Lg from archived climato-
logical and forecast data were taken as starting
points, but were then tuned by constant factors Kg
and K| to the values (the same on each day) that
gave the best a posteriori performance on the Jan-
uary 1990 data for each type of background field.
In fact, there was little sensitivity (typically less
than 2 per cent in rms error) to moderate vari-
ations (up to 20 per cent) of K and K, about their
optimal values, a result that seems consistent with
the theoretical results on parameter sensitivity in
Seaman (1983). However, it is probably relevant
that the background field error scales, Ly, after
tuning, were systematically lower for the six-hour
forecast background fields than for the climato-
logical background, by factors ranging from 0.8 to
0.4. The typical ranges of Ly were 400-600 km for
climatotogy, and 200~-500 km for a six-hour fore-
cast.

All available SYNOP sea level pressure data
were used except for those considered as doubtful
in a preliminary scan of the data. The analysis
accuracy itself was assessed by comparing the
analyses against data that were not used in the
analyses. For a synoptic time at which N obser-
vations were available, such an assessment would
be done by (conceptually) performing N analyses,
each based upon N—1 observations, leaving out
the observations one at a time. In this way we are
measuring how well the analysis interpolates
between the observations (not how well it is fitting
the data used). See Lorenc (1981) for details of
how the process just described is efficiently
achieved numerically.

The statistics of ‘analysed minus withheld’ data
do not strictly measure interpolation error as they
are inflated by the effects of random obser-
vational error, but such statistics are nevertheless
a valid comparative measure. It is stressed that by
comparing an analysis against withheld data, we
are measuring how well the analysis interpolates
between the data that were actually used.

Table 1 shows the 30-day statistics of ‘observed
minus background’ (O—B) and ‘analysed minus
withheld’ (A—W) for the alternative background
fields over various sub-areas. The (O—B) stat-
istics are a measure of background field error and
the (A—W) statistics measure the interpolation
error, although both sets of statistics include the
effects of random observational error. Figure 6
shows a typical data distribution for the do-
main.

As would have been expected, the (O —B) stat-
istics indicate that the GASP six-hour forecast
background fields were substantially more accu-
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Table 1. Root mean square deviations of ‘observed
minus background’ (O—B) and ‘analysed
minus withheld’ (A —W) data, using alterna-
tive background fields and defined sub-do-

mains. Units: hPa.

Background fields

6-hour forecast  Climatology
Sub-domains O-B A-W O-B A—W
Eastern Aust. 1.728 .742 4.099 .748
(20-45, 140-155)
Southeast Aust. 1.871 .797 5.191  .790
(30-45, 140-155)
Tropics 1.244 771 2.158 .760
(North of 20)
Subtropics 1.556 .789 2,907 .820
(20-30, 110-155)
SW of WA 1.692 .823 4998 .810

(30-40, 115-130)

rate than the monthly climatological background
field. However the (A — W) statistics indicate that
the interpolation accuracies are generally quite
similar, irrespective of which background was
used; in three of the areas the climatological back-
ground field resulted in a marginally more accu-
rate analysis despite the background field itself
being substantially less accurate. Note also that
the subtropical verification area (20-30 degrees
south), where the (A — W) statistics most favoured
the six-hour forecast background field, is the area
with the lowest observational density.

The effects of observation density are further
illustrated in Fig. 7, in which the experiments for
the eastern Australian sub-domain were repeated,
with the number of observations being progress-
ively reduced. It can be seen that, for the eastern
Australian area, the data density would need to be
substantially reduced from its current value be-

Fig.6 A typical distribution of SYNOP sea level pressure data at 0000 UTC. Plotted values are hPa minus 1000.
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Fig. 7 Root mean square of ‘observed minus withheld’
data (hPa) as a function of the number of data
used from the eastern Australian region for fore-
cast (solid) and climatological (dashed) back-
ground fields.
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fore the use of a six-hour forecast background
rather than a climatological background would
have much of an impact upon analysis accu-
racy.

A caveat on the foregoing results is that, because
the parameters were tuned on the dependent data,
the rms errors almost certainly underestimate the
values that would be obtained on independent
data. But the insensitivity to precise tuning sug-
gests that such an underestimate is probably
small, and that the results are valid at least in a
comparative sense.

As mentioned, the length scales of the forecast
background fields were systematically lower than
the length scales of the corresponding climatolog-
ical background fields. On the theoretical grounds
discussed earlier, the shorter length scales for the
forecast background fields would be expected to
somewhat offset the advantage of lower back-
ground error. However, the sea level pressure data
density over Australia (Fig. 6) places the real data
experiments towards the ‘dense, accurate’ region
of parameter space where, again on theoretical
grounds, one would also expect little sensitivity
either to length scale or to background error. It
therefore seems that the differing length scales for
the forecast and climatological backgrounds may
have been of little consequence in these exper-
iments.

Quality control tests

As shown by Lorenc (1981), the statistical in-
terpolation methodology can be employed not
only for objective analysis, but also as a compon-
ent of overall quality control. Hollingsworth et al.
(1986) have described effective results from the
practical implementation of such a methodology.
The basic idea is that an observed increment from
a background field is compared with an indepen-
dent estimate using information other than the
observation being checked. The independent esti-
mate is typically a value estimated by statistical
interpolation at the location of the observation
being checked, using all observed increments with
the exception of the one being checked and others
already considered doubtful. Such an approach is
likely to be much more powerful than simple
checks against a background field or against cli-
matology in those areas where there is consider-
able redundancy of data. An additional attraction
1s that statistical interpolation theory also pro-
vides the expected standard deviation (op) of the
discrepancy between the observed and estimated
value of the increment being checked, thereby in-
troducing some objectivity into the quality con-
trol decision (‘observed minus estimated’ greater
than Ngop with Np =3 to 4 is a common cri-
terion). See Lorenc (1981) for details. Of course,
the theoretical ‘observed minus estimated’ stan-
dard deviation is only as good as the knowledge of
the background field and observational error co-
variance parameters needed for statistical in-
terpolation itself (the parameters B, E; and Ly).

The foregoing method of quality control is, like
objective analysis, dependent upon interpolation
from surrounding data. To this extent, one would
expect from the results of the preceding section
that background field influences on quality con-
trol might be minimal where the data were suf-
ficiently dense. However, the effectiveness of
quality control also depends upon how well the
decision criterion for accepting or rejecting an
observed increment discriminates between good
and bad data, and it cannot be assumed that this
additional factor is independent of the type of
background field. Therefore, the dependence of
the entire quality control process (not just the in-
terpolation) upon the background field deserves
attention as a problem distinct from that of analy-
sis accuracy.

To address this problem, the following tests
were done. Using the same data base as in the pre-
ceding subsection, deliberate errors of 4 hPa were
added at random to a few observations of each
analysis time. The percentage of data so contami-
nated was about 4 per cent; the actual number
ranged from 2 to 5 per analysis time depending
upon the subdomain. These observations were
designated as ‘bad’ and the remainder as ‘good’.
Quality control was then performed for each day
of the month, as described in the first paragraph of






