
Introduction
Weather forecasts are produced to help people make
decisions in weather sensitive situations, so an impor-
tant aspect of forecast quality is the economic value of
the forecasts to decision-makers in real applications.
Assessing the economic value of weather forecasts in
real-life operations can, however, be complex. The
forecasts are usually only one of a number of factors
influencing decisions, and it may be difficult to dis-
entangle their effect from other factors. The relevant
benefits from correct forecasts or losses from incor-
rect forecasts may not be known exactly, or may be
‘non-monetary’, for example the value of life or suf-
fering. Information necessary for optimising forecast 

value in the presence of uncertainty might be unavail-
able, so that inappropriate decisions are made even
when the forecasts are quite accurate. In the case of
public weather forecasts, which are used by many dif-
ferent decision-makers, the difficulty is multiplied.
Recent studies on the economic evaluation of fore-
casts include Leigh (1995), Katz and Murphy (1997),
Anaman et al. (1998), Zhu et al. (2002) and
Richardson (2003).

It is plausible that more accurate forecasts will
lead to better outcomes in a commercial sense, so ver-
ification has often focussed on accuracy, the associa-
tion between forecasts and the relevant observations,
rather than value. It has been found that some mea-
sures of accuracy may not be reliable indicators of
value, so that forecasts which appear more accurate
may not be more valuable to all users (Chen et al.
1987; Murphy and Ehrendorfer 1987). Also, some
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measures of quality may have thresholds such that the
forecasts have no economic value below this thresh-
old (Katz and Murphy 1987).

Murphy and Ehrendorfer (1987) explored the
relationship between the accuracy and value of sim-
ple yes/no forecasts in the cost-loss decision model.
They used a form of the Brier score as the measure
of accuracy, and for the economic value of the fore-
casts used the difference between the expected
expense associated with climatological (no-skill)
forecasts and that of forecasts with some skill. They
found that there was a range of possible economic
value for forecasts for most values of the measure of
quality, and that a decrease in economic value could
be associated with improvement in forecast quality.
Chen et al. (1987) investigated the relationship
between the quality and value of forecasts in a three-
action, three-event generalisation of the cost-loss
model. Categorical forecasts calibrated by past per-
formance were considered. The measure of quality
was the ranked probability score, and value was
assessed as the difference between the expected
expense associated with climatological forecasts and
expected expense for forecasts with non-zero skill.
Again, they found that there was a range of econom-
ic value for forecasts for most values of the measure
of quality, and that a decrease in economic value
could be associated with improvement in forecast
quality. Katz and Murphy (1987) used the cost-loss
ratio model to examine the way in which the value of
information changes as its quality increases. Their
measure of forecast quality was a linear transforma-
tion of the conditional probability of the event being
forecast, given that it was forecast. They considered
yes/no forecasts assumed to be calibrated by past
performance and constrained so that the uncondi-
tional probability of a forecast of occurrence was the
same as the climatological probability of occurrence.
The measure of economic value was, similarly to the
above two studies, the difference between the
expected expenses associated with climatology and
with forecast sets with some skill. They showed that
there may be a quality threshold below which fore-
casts are of no economic value, because the optimal
action remains the same as when a no-skill climato-
logical forecast is used. Recent quality/value studies,
summarised by Richardson (2003), have extended
those of Murphy and co-workers, but have been
largely focused on demonstrating the improvement
in economic value available from ensemble predic-
tion systems. 

The relationship between specific measures of fore-
cast quality and the expected economic value of the
forecasts is thus of some interest. In this paper, the rela-
tionship with forecast value of one such measure of

forecast quality is considered, the quantity denoted d′
from signal detection theory, defined later in the text.

Signal detection theory (SDT) provides a general
framework for evaluation of diagnostic systems. It is
a statistical method which has been widely used in
medical diagnosis and psychology and is increasingly
used in other fields to evaluate the performance of
systems which seek to detect or predict specified
events on the basis of information which is insuffi-
cient to provide certainty (Swets 1988). Applications
in weather forecast verification can be found in
Mason (1982a,b; 1989), Levi (1985), Harvey et al.
(1992) and Jolliffe and Stephenson (2003).

There are two main benefits from SDT-based
methods in the present context. The first is that they
provide measures of forecast quality that are inde-
pendent of climatology and decision threshold.
Secondly, SDT makes it possible to model the
dependence of performance measures on decision
threshold, through an empirical relationship between
hit and false alarm rates as decision threshold varies.
SDT-based methods can be related to the likelihood-
base rate factorisation of the joint distribution of
forecasts and observations in Murphy and Winkler’s
(1987) distributions-oriented framework for forecast
verification.

The forecasts considered here are unequivocal pre-
dictions of occurrence or non-occurrence of a simple
binary event, sometimes referred to as yes/no fore-
casts. Invention of measures of the skill of yes/no
forecasts has a long history, dating back to at least the
late nineteenth century (Finley 1884; Murphy 1996).
While certain measures have become widely used, for
example Probability of Detection, False Alarm Ratio,
Critical Success Index, proportion (or per cent) cor-
rect, the Heidke score and Hanssen and Kuipers’
score among many (Mason 2003), there has been lit-
tle rationale for selection of one rather than another
beyond precedent and plausibility, and no generally
accepted body of theory to aid interpretation of spe-
cific values and differences in scores. 

Most of the common scores have been criticised
on various grounds. All have a dependence on deci-
sion threshold which can render comparisons mean-
ingless (Mason 1982b, 1989). Many also depend on
the sample climate, so that comparisons of forecasting
systems in different climates may be invalid.
Measures of skill based on SDT avoid most of the pit-
falls associated with traditional measures.

To analyse economic value this paper uses a gen-
eralisation of the well-known cost-loss ratio model, a
simple model of a decision situation in which the rel-
evant economic quantities are specified. It is assumed
that decision-makers behave rationally in the sense
that they seek to take the action that has the greatest
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expected value, and that they have enough informa-
tion about the performance of the forecasts to do this.

This study is thus in the spirit of Murphy’s (1994)
‘prescriptive’ approach to assessment of the value of
forecasts.

The specific measure of value used here is the
difference between the expected value of perfect
forecasts and that of the actual forecasts, that is, the
reduction in (expected) value due to the uncertainty
in the forecasts. This is different from the usual
approach in value-of-forecast studies, which has
been to consider the increase in the value of the
forecasts over the value achieved by a naive, no
skill, forecasting strategy, usually based on clima-
tology (e.g. Winkler and Murphy 1985). The latter
approach requires explicit consideration of two
cases, for threshold decision probabilities, respec-
tively, less than and greater than the climatological
probability of the predictand. These two cases
appear naturally in the analysis in this paper when
the skill parameter tends to zero, without requiring
separate consideration.

A salient implication of this paper is the central
importance of decision criterion in assessment of the
quality and value of forecasts, and in the application
of forecasts to real-world decisions. The decision cri-
terion in this context is the threshold level of certain-
ty about the predictand at which the forecast changes
from ‘no’ to ‘yes’. In general, optimising the value of
forecasts to different decision-makers requires differ-
ent decision thresholds. Yes/no forecasts, implicitly
produced at a single threshold, are likely to be signif-
icantly sub-optimal for many decision-makers. If
forecasts are provided in a form which communicates
the level of uncertainty, for example as probabilities,
then the potential value of the forecasting system is
enhanced. Realising the potential value of probabilis-
tic forecasts requires good communication between
forecasters and users, especially with regard to the
definition of the event to which the probabilities refer.

The next section defines some notation, and the
theoretical expression for the cost of uncertainty is
derived. The sections following define skill and deci-
sion threshold in the SDT framework, and derive an
expression for the optimal decision threshold in terms
of the decision-maker’s economic sensitivity to weath-
er and forecasts. Results shown are (a) the dependence
of expected cost on threshold probability for fixed val-
ues of the economic sensitivity parameter, at various
levels of skill, (b) the dependence of cost on threshold
probability when decisions are made at the optimal
threshold, (c) the dependence of cost on skill for opti-
mal thresholds and (d) the dependence of cost on skill
when suboptimal thresholds are used. The paper ends
with some discussion and conclusions.

Notation
The four possible combinations of forecast and event
are set out in Table 1.

The probability of each of these outcomes can be
expressed in terms of conditional and marginal
probabilities using standard results on factorisation
of joint probabilities. If a variable F represents the
forecasts, taking one of the values {Y,N} for ‘yes’
and ‘no’ respectively, E with the same set of values
represents the events, and ‘Pr’ is read as ‘the prob-
ability of’ then

Pr(TP) = Pr(F=Y,E=Y) = Pr(E=Y)Pr(F=Y|E=Y) ...1
Pr(TN) = Pr(F=N,E=N) = Pr(E=N)Pr(F=N|E=N)...2
Pr(FP) = Pr(F=Y,E=N) = Pr(E=N)Pr(F=Y|E=N) ...3
Pr(FN) = Pr(F=N,E=Y) = Pr(E=Y)Pr(F=N|E=Y) ...4

Murphy and Winkler (1987) refer to this as the likeli-
hood/base rate factorisation of the joint distribution.

A hit rate, h, false alarm rate, f, and climatological
probability, pc, are defined as follows.

h = Pr(F=Y|E=Y) = 1-Pr(F=N|E=Y) ...5
f = Pr(F=Y|E=N) = 1-Pr(F=N|E=N) ...6

pc = Pr(E=Y) = 1-Pr(E=N) ...7

The familiar verification statistic Probability of
Detection (POD) is a sample estimate of h, and
Probability of False Detection is a sample estimate of f.
The False Alarm Ratio (FAR), often encountered in
forecast verification, is not an estimate of f, but of
Pr(E=N|F=Y), which is equal to {1+[pc/(1-pc)](h/f)}-1.

Using the above definitions Eqns 1 to 4 become

Pr(TP) = pch ...8
Pr(TN) = (1- pc)(1-f) ...9

Pr(FP) = (1- pc)f ...10
Pr(FN) = pc(1-h) ...11
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Table 1. The four possible combinations of forecast and
event for yes/no forecasts.

EVENT
NO YES

NO True Negative False Negative
FORECAST (TN) (FN)

YES False Positive True Positive
(FP) (TP)



Skill: the signal detection model for
the forecasting process
The model described in this section is based on the
elementary theory of detection of signals in noise,
which is related to the classical Neyman-Pearson
approach to statistical hypothesis testing (Swets
1973). It provides a general framework for evaluation
of diagnostic systems which has been widely applied,
including in medical diagnosis, non-destructive test-
ing of metals, information retrieval and vigilance of
radar operators in a military setting, among many oth-
ers. Central features for present purposes are a model
for the process of discriminating between occurrence
and non-occurrence of weather events, and measures
of diagnostic skill and decision threshold based on the
model. There is an extensive literature in fields other
than meteorology, particularly psychology and med-
ical diagnosis. Texts by Swets and Pickett (1982) and
a collection of papers by Swets (1996) provide an
introduction to other applications. The following out-
line uses the simplest form of the model and includes
only aspects relevant to the present application.

It is assumed that a forecaster decides between
prediction of occurrence or non-occurrence of a bina-
ry weather event on the basis of the accumulated
weight of evidence for the event, which is represent-
ed as a continuous scalar quantity X in Fig. 1. The
forecaster has a decision threshold x* on the X scale
such that occurrence is forecast if X≥x* and non-
occurrence if X<x* (the equality is arbitrary), Fig. 1.

X is further assumed to have a specific, known,
probability density fN(x) before non-occurrences,
when ‘noise alone’ is present, and a different, known,
density fY(x) before occurrences, i.e. when the ‘signal’
for the event is present in addition to noise, illustrat-
ed in Fig. 2.

Recalling that h = Pr(F=Y|E=Y) and that occur-
rence is forecast when X≥x*, it follows that h is the
probability of obtaining a value of X greater than or
equal to x* from fY (x), which represents occasions on
which the event occurs, so

equal to the area under fY (x) to the right of x*, illus-
trated by the oblique hatching in Fig. 2.
Similarly, 

the area under fN(x) to the right of x*, represented by
the horizontal hatching in Fig. 2.

In order to proceed, some particular form needs to
be specified for fN(x) and fY(x). The usual assumption

is that they are Gaussian and, in the case of yes/no
forecasts, of equal variance. Gaussian distributions
are consistent with empirical verification data (Mason
1982a) and have been found to be appropriate in
many diverse applications (Swets and Pickett 1982).
Other distributional forms are possible (Swets 1996)
and may be worth investigating in a meteorological
setting.

The assumption of equal variances is usually only
approximately supported by data but is necessary in
the present context because this paper is concerned

h = ∫  fY(x)dx
∞

x*
...12

f  = ∫  fN(x)dx

1 - pc 1 - pc
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p*
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∞

x*
...13

...31
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Fig. 1 Forecasting a simple event under uncertainty.
The decision to forecast occurrence or non-
occurrence is made by reference to a decision
threshold x* on the ‘weight of evidence’ axis,
X.

Fig. 2 Assumed distributions of ‘weight of evidence’
X before occurrences, fY(x), and non-occur-
rences, fN(x). x* is the decision threshold. The
horizontal hatching represents false alarm
rate corresponding to the threshold x* and
diagonal hatching, hit rate.



only with yes/no forecasts. The ratio of the variances
of the two distributions can be estimated if forecasts
are done at at least two decision thresholds. Further
discussion of this parameter in the SDT model can be
found in Swets (1996).

A brief discussion of the empirical basis for the
model is in an appendix to this paper.

Without loss of generality, the X axis can be scaled
so that the mean of fN(x) is zero and the common vari-
ance of fN(x) and fY(x) is one.

Under these assumptions, the separation of the
means of the two distributions in units of the common
standard deviation is conventionally denoted d′,
shown on Fig. 3, and this quantity is the measure of
forecasting skill used in this paper. 

It can be seen from Fig. 3 that if fN(x) and x* are
held constant while d′ increases, i.e. fY(x) moves away
from fN(x), then h increases while f is unchanged.
Alternatively, if x* moves with fY(x) so that h is held
constant then f is reduced as d′ increases.

Decision threshold
The location of the decision threshold x* is clearly
important in determining the realised performance of
the system. If the distributions fN(x) and fY(x) are
fixed, then h and f can vary through their whole range
from zero to one as a result of changes in x* only.
Values of x* towards the left in Fig. 2 represent
‘lenient’ decision criteria. h approaches 1, so most of
the occurrences will be correctly forecast, but f is also
near 1 so there will be a higher level of false alarms.
As x* moves towards the right f decreases towards
zero, so the number of false positives decreases, but
the number of true positives tends to zero also; there
will be more ‘misses’.

Decision threshold is usually defined in the mete-
orological literature in terms of a critical conditional
probability for the event given the evidence, denoted
p*, so

p* = Pr(E=Y|X=x*) ...14

Thus, in the case of yes/no forecasts the event is fore-
cast if its current probability, p, is greater than p*, and
forecast not to occur if p is less than p*. A formal rela-
tion between p* and x* is provided by Bayes’ rule
which, in the case of a binary predictand, can be writ-
ten in the odds form

w* = wc[fY(x*)/fN(x*)] ...15

where w* is the odds ratio p*/(1-p*) and wc is the cli-
matological odds ratio pc/(1- pc). 

In the SDT context, decision threshold is usually
indexed by the likelihood ratio on the right hand side
of Eqn 15, denoted β , so that

β* = fY(x*)/fN(x*) ...16
or

β* = w*/wc ...17

In the Gaussian equal variance model, x* can be relat-
ed to β* and d′ as follows.

Substituting the relevant functional forms for
fY(x*)and fX(x*), i.e.

fY(x*) = (2π)-1/2 exp(-(x* - d′)2/ 2) ...18
and

fN(x*) = (2π)-1/2 exp(-x*2/ 2) ...19
so that

β* = exp(d′ (x* - d′/ 2)) ...20
and

x* = Inβ*/d′ + d′/ 2 ...21

Zero skill corresponds to d′ = 0, so that h = f. That this
is a reasonable definition for zero skill can be seen
from the following. Using the definitions of h and f
(Eqns 5 and 6 above), the ratio Pr(F=Y|E=Y)/
Pr(F=Y|E=N) = 1.0. In this case Bayes’ formula in
the odds form gives

Pr(E=Y|F=Y)/Pr(E=N|F=Y)= pc/(1- pc) ...22

which implies Pr(E=Y|F=Y) = pc, i.e. the conditional
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Fig. 3 Assumed distributions of ‘weight of evidence’
X before occurrences, fY(x), and non-occur-
rences, fN(x). µµY and µµN are the means of
fY(x) and fN(x) respectively.  d′′ = µµY - µµN is a
measure of forecasting skill.



probability of an occurrence of the weather event of
interest given a forecast of occurrence is equal to the
climatological probability of occurrence, so the fore-
cast provided no information. Zero skill is equivalent
to using the climatological probability for the event
on every occasion.

Perfect skill is the limiting case as d′ → +∞, so h
= 1.0 and f = 0.0.

There are SDT-based measures of skill which are
more satisfactory than d′ when sufficient data are
available to estimate the ratio of the variances of fN
and fY. A detailed discussion of other SDT-based mea-
sures of performance is in Swets (1996).

The value of forecasts
The general case is considered of a decision-maker
who has to decide between just two mutually exclu-
sive courses of action, A0 and A1. If weather event
E occurs then the decision-maker prefers to have
taken action A1, and if E does not occur then A0 is
preferred. The value of each of the four possible
combinations of weather event and action is shown
in Table 2.

The elements Uij in Table 2 can be regarded as
monetary benefits (positive) and costs (negative), or
more generally as utilities, which take into account
the decision-maker’s attitude to risk (von Neumann
and Morgenstern 1947; Winkler and Murphy 1985;
Winterfeldt and Edwards 1986).

If the choice between A0 and A1 is made on the
basis of forecasts as represented in Table 1 then the
overall expected utility of the forecasts, EU, is given
by
EU=Pr(TN)U00+Pr(FN)U01+Pr(FP)U10 + Pr(TP)U11 ...23

Substituting from Eqns 8 to 11 into Eqn 23 gives

EU = (1-pc)(1-f)U00+pc(1-h)U01+(1-pc)fU10+pchU11 ...24

Perfect forecasts have h = 1.0 and f = 0.0, so the
expected utility of perfect forecasts is

EUperf = (1- pc)U00 + pcU11 ...25

Subtracting Eqn 24 from 25 provides an expression
for the reduction in expected utility due to the uncer-
tainty or imperfection of the forecasts, denoted CoU
for cost of uncertainty.

CoU = (1- pc)f(U00-U10) + pc(1-h)(U11-U01) ...26

U00-U10 is the cost penalty for false alarms; the
reduction in value which results from forecasting

occurrence when the event does not occur. U11-U01 is
the cost penalty for misses; the cost of forecasting
non-occurrence when the event does occur.

Some simplification can be obtained by defining a
‘penalty ratio’ R as the ratio of the false alarm penal-
ty to the miss penalty, so that

R = (U00-U10)/(U11-U01) ...27

and also defining a ‘relative’ CoU, C, such that

C = CoU/(U11-U01) = (1- pc)fR + pc(1-h) ...28

C is thus the (relative) reduction in value of the actu-
al forecasts compared with perfect forecasts. If the Uij
are dollars then the units of C are dollars per forecast
per dollar of miss penalty.

The optimal decision threshold
The optimal threshold probability, p*opt, is the value
of p* which minimises C. It can be derived as follows.
Differentiating C (Eqn 28) with respect to p* and
equating to zero gives

(1- pc)df/dp*R - pcdh/dp* = 0 ...29

so that

dh/df = R(1- pc)/pc ...30

It can be shown (Green and Swets 1966) that dh/df is
equal to the likelihood ratio β at the corresponding
value of X, defined in eqn 17 above, leading to

and hence 

p*opt = R/(1+ R) ...32

In the cost-loss model for meteorological decision
making (Thompson and Brier 1955; Murphy 1977),
U00=0, U11 = U10 = -C, U01 = -L and p*opt is then
equal to C/L.

h = ∫  fY(x)dx
∞

x*
...12

f  = ∫  fN(x)dx

1 - pc 1 - pc
1 - p*

p*
pc pc

R = β* = 

∞

x*
...13

...31
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Table 2. Utilities of the four possible combinations of
action and weather event.

EVENT
NO YES

ACTION A0 U00 U01
A1 U10 U11



Equations 12 and 13 provide the form of the
covariation of h and f with x*, and x* is related to p*
by Eqn 15. It is then possible to graph the relative cost
of uncertainty, C, against p* for fixed values of pc and
R, using Eqn 28.

In outline the procedure is as follows. The values
of pc, d′ and R are fixed at the outset. For a given
value of p*, β* is found by Eqn 17 and the corre-
sponding value of x* by Eqn 21. The hit and false
alarm rates h and f are then calculated by Eqns 12 and
13 using the standard normal distribution function
and hence a value for C is found using Eqn 28.

Results
Dependence of C on threshold probability
Figures 4 and 5 show the variation of C with p*, using
specific values for two cases. These are 
(a) p*opt > pc, specifically pc = 0.2 and R = 0.3, giv-

ing p*opt =0.23 (Fig. 4) and 
(b) p*opt >> pc, specifically pc = 0.2 and R = 2.0, giv-

ing p*opt = 0.67 (Fig. 5).
The range of values of d′ graphed is from  d′ = 0.0
(no skill) to d′ = 3.0 indicating a high level of skill.
d′ = 3.0 corresponds to percentage correct above 90
per cent, the exact value depending on p* and pc.

In Fig. 4 the optimal threshold probability is 0.23
and in Fig. 5, 0.67. The model correctly produces
minima for C at these values for p*. 

The maximum (worst) values for C correspond to
zero skill (d′ = 0.0). At zero skill C has different con-
stant values for thresholds above and below pc, with
the lower value on the side on which p*opt lies. For
p*< pc, Eqn 17 with h = f = 1.0 gives C=(1 - pc).R.
For p*> pc, h = f = 0.0 and C = pc. For the special case
of p*= pc, h = f = 0.5 and C is the mean of its values
for p*> pc and p*< pc. These values of C are those
that would be obtained using climatology as a fore-
cast, i.e. do A1 if pc > p*opt and do A0 if pc < p*opt.

The range of values of p* over which forecasting
skill has some value decreases as skill decreases. In
Fig. 4, at the modest level of skill of  d′ = 0.5, an oper-
ation with R = 0.3 would find the forecasts commer-
cially useful only if they were produced using p*
between about 0.05 and 0.55 (with minimum cost from
forecasts produced at p*=0.23 as expected). At  d′ =
0.2, a level of skill which would be difficult to detect in
practice, the range of p* over which even slightly use-
ful forecasts could be produced for this operation is
from approximately 0.15 to 0.3. The range of p* over
which useful forecasts can be produced increases as
skill increases, so that for d′ = 1.0 the useful range is
from near 0.0 to about 0.85, and d′ ≥ 1.5 effectively
covers the whole range of p* from 0 to 1.0.

For forecasts of moderate to low quality there are
thus thresholds on p* above and below pc, between
which the forecasts can have some value, and outside
which they have none. The range of values of p* over
which yes-no forecasts can have some value for some
users contracts steadily towards pc from above and
below as quality decreases.

Figure 5 illustrates the consequences of using very
suboptimal decision thresholds. In this case R = 2.0,
so that p*opt = 0.667 and pc is again set to 0.2. If a
business with this value for R used forecasts produced
with p* between 0.2 and about 0.4, at levels of skill
up to at least d′ = 1.5, the business would be worse
off than using a naive strategy based on climatology.
A value of 1.5 for  is typical of those encountered in
real forecasts. 

For p* <  pc these forecasts are less costly than cli-
matology, only because the cost of the no-skill clima-
tological strategy jumps to high values. All forecasts
produced at these p* are however more costly than
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Fig. 4 Variation of relative cost with threshold prob-
ability for p*opt ≥ pc, for d′′ from 0.0 to 3.0. R
= 0.3, pc = 0.2, p*opt = 0.23.

Fig. 5 Variation of relative cost with threshold prob-
ability for p*opt >>>>  pc, for d′′ from 0.0 to 3.0. R
= 2.0, pc = 0.2, p*opt = 0.67



those at p*opt and, at the lower levels of skill and
thresholds further from p*opt, much more costly.
Forecasts with the quite high skill of  d′ = 2.5 would
have less value to a decision-maker with R = 2.0 using
p* = 0.2 than simply taking action A0 on every occa-
sion regardless of the forecasts. This shows that in a
yes-no forecasting situation the reversal of the quali-
ty/value relationship noted by Ehrendorfer and
Murphy (1988) is a consequence of the use of subop-
timal decision thresholds. 

The curves of C against p* are rather flat near
p*opt, suggesting that the penalty for using mildly
suboptimal decision thresholds may not be severe,
and Figs 4 and 5 indicate that this ‘flatness’ increases
as skill increases. The insensitivity of expected utility
to suboptimal decision rules is well known (the flat
maximum effect; see for example Winterfeldt and
Edwards (1986)). This happens because mathematical
expectation is equivalent to taking a long-term aver-
age, which tends to reduce variation. On single occa-
sions, the actual benefit or cost will be one of the Uij
in Table 2, not the expected value beforehand, which
lies between the Uij since it is a weighted mean with
weights between zero and unity. It follows that some
suboptimality in p* may not be important in terms of
the average cost over a large enough number of fore-
casts (so long as the operation survives the occasion-
al losses).

Variation of C with threshold probability: optimal
decisions
Decisions are made optimally when the threshold
probability p* is equal to R/(1+R). Figure 6 shows the
variation of C with p*opt in this case, for pc = 0.2.
For zero skill and p* <  pc, h = f = 1.0 and Eqn 17
gives C = (1- pc)p*/(1-p*) so the curve of C against
p* from p* = 0 to p* = pc is slightly concave upwards.
For zero skill and p* > pc, h = f = 0.0 and C = pc.

Figure 6 shows that even when decisions are made
optimally at low levels of skill there is again a limit-
ed range of thresholds over which some value can be
achieved. A forecasting system operating at d′ = 0.5
could only provide useful forecasts to businesses hav-
ing p*opt between about 0.1 and 0.45, corresponding
to R between about 0.1 and 0.8. Skill needs to reach
d′ = 1.5 before useful forecasts can be provided over
the whole range of p*.

It is interesting to note that when decisions are
made at the optimal p*, there is no reversal of the
quality/value relationship. Forecasting systems with
higher values of d′ always have the same or higher
economic value than systems with lower d′ . This sub-
stantiates the comment in the previous section, that
the reversal of quality/value relationships is a conse-
quence of the use of suboptimal decision thresholds.

Variation of C with d′′ : optimal decisions
Figures 7 and 8 show C as a function of the SDT mea-
sure of skill d′ for various values of pc and R. Both
figures assume that decisions are made optimally, i.e.
values of h and f used to calculate C are those
obtained at a threshold probability equal to R/(1+R).
In both figures pc = 0.2. Figure 7 graphs C for values
of R corresponding to p*opt < pc, and in Fig. 8, p*opt
> pc.

C is a monotonically decreasing function of d′ for
all penalty ratios and climatological probabilities.
There is thus no reversal of the quality/value relation-
ship when (a) the equal variance SDT model applies,
(b) d′ is the measure of quality and, (c) decisions are
made at the optimal threshold probability.

There is also no sharp quality threshold, i.e. a sin-
gle specific d′ such that C is reduced for higher val-
ues but not reduced for lower values. However, for
values of R such that p*opt ≠ pc there is a range of val-
ues of d′ near zero over which the forecasts only
reduce C very slightly if at all. As d′ increases C is
gradually reduced, i.e. the forecasts become more
valuable, at a rate which depends on R, pc and d′
itself. For example, in Fig. 8 (pc = 0.2), for an opera-
tion with R = 0.1 corresponding to p*opt = 0.11, the
curve of C against d′ is flat at the no-skill value of
about 0.8 until d′ reaches 0.5, above which the fore-
casts would have sufficient skill to be of some value.
Thus, there is a diffuse quality threshold when d′ is
the measure of quality, and the location of this thresh-
old depends on the nature of the operation (R), the cli-
mate (pc), and the level of skill (d′ ).
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Fig. 6 Variation of relative cost with threshold prob-
ability for optimal decisions; for d′′ from 0.0 to
3.0. pc = 0.2.
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Variation of C with d′′ : sub-optimal decisions
Figure 9 illustrates the reversal of the quality-value
relationship that can occur for some parameter values
with substantially suboptimal decision making. The
curves represent the variation of C with d′ for an
operation with R = 2.0 and with pc = 0.2, as in Fig. 5.
The lowest curve corresponds to optimal decisions,
with p*opt = R/(1+R) = 0.67. The other curve corre-
sponds to p*=0.25, well below the optimal value and
above the climatological probability. The cost of these
forecasts to a decision-maker with R = 2.0 actually
rises with increasing skill up to d′ around 0.7, then
decreases. This is a surprising result, and a numerical
example follows to illustrate the effect. Note that this
example does not represent real forecasts, although it
is not unrealistic. The forecast sets have been devised

to illustrate the way cost can deteriorate although
accuracy may improve, as a result of sub-optimal
decision-making.

Table 3 shows a set of yes/no forecasts (set A) arti-
ficially constructed to have a low level of skill corre-
sponding to d′ = 0.193, with p* = 0.25, pc = 0.2 and
N = 1000. The corresponding values of h and f are
0.090 and 0.062, respectively. Table 4 shows another
set of forecasts (set B) constructed with the same
parameters except that  d′ = 1.0, a moderate level of
skill, giving h = 0.585 and f = 0.215. Table 5 shows a
number of measures of performance for both these
sets of forecasts. Note that C in Table 5 is the relative
cost to an operation with R = 2.0.

Forecast set B has better scores than set A on POD,
FAR, Critical Success Index, Heidke score, Hansen &
Kuipers’ score and d′ , and bias closer to 1.0. It has a
slightly lower percentage correct, and higher false
alarm rate, f. From most points of view B is a better
set of forecasts than A. Nevertheless, a user with R =
2.0 would find set A, with lower skill, preferable, as
his average relative cost would be 28.2 cents per fore-
cast, whereas the cost of set B to this user would be
42.7 cents per forecast. The reason is that R = 2.0
implies that the false alarm penalty is twice as large as
the miss penalty, and B has a substantially higher rate
of false alarms. The fact that set B is superior to set A
on most measures of forecast quality shows that the
reversal of the quality/value relationship illustrated in
Fig. 9 is not just an artefact of the SDT model. As
noted in the previous section, it is associated with use
of a suboptimal threshold. 

The effect is more striking for rare events. The
curves in Fig. 10 show C as a function of d′ for fore-
casts of an event with pc = .01, for an operation with
R = 2.0. The lower (better) curve uses the optimal
threshold of p* = 0.667. 

Fig. 7 Variation of relative cost with d′′ for optimal
decisions and p*opt ≤ pc; for R from 0.05 to
0.25. pc = 0.2.

Fig. 8 Variation of relative cost with d′′ for optimal
decisions and p*opt ≥ pc; for R from 0.25 to 4.0.
pc = 0.2.

Fig. 9 Variation of relative cost with d′′ for subopti-
mal decisions; for p* from 0.15 to 0.667. pc =
0.2, R = 2.0, p*opt = 0.667.



For decisions made at the optimal threshold, C is
constant at the no-skill level as skill increases from
zero until d′ reaches about 1.8, where the cost starts
to decline slowly with increasing skill. The higher
(worse) curve on Fig. 10 results when a threshold of
p* = 0.15 is used, well below the optimal threshold.
The curves diverge for skill higher than d′ = 0.8, and
the cost to this operation of using forecasts produced
at p* = 0.15 increases with increasing skill up to the
quite high level of d′ = 2.2, where C is more than
twice its value at d′ = 0.8. This emphasises the cen-
tral importance of decision threshold in forecasting
rare events, and in using and verifying the forecasts.

Discussion
There appear to be two kinds of limits on the value of
forecasts to decision-makers. One of these is a limit

on the range of threshold probabilities within which a
forecasting system can possibly have some economic
value to some users. At low levels of skill, this range
may be much less than the whole probability interval
[0,1] and shrinks to pc as skill tends to zero.
Operations with R corresponding to p*opt outside this
range will get no value from the forecasts, and would
be better off using a strategy based on minimising
expected cost using climatological probabilities,
regardless of the forecasts.

The second kind of limit to the value of the fore-
casts is imposed by the level of skill itself, measured
by d′ in this study. There is a diffuse threshold on   d′
such that forecasting systems operating at lower lev-
els of skill have no practical economic value, even
though the actual value of d′ may imply positive skill
and the forecasts are used optimally. The location of
this threshold on quality depends on the operation (R),
the climate (pc) and the level of skill (d′ ).

The relationship between skill and expected cost is
monotonic when the equal variance SDT model
applies, skill is measured by d′ , and decisions are
made at the optimal decision threshold. Under these
conditions, a system with higher d′ is sufficient for a
system with lower d′ , in the sense of Ehrendorfer and
Murphy (1988). One forecasting system is sufficient
for another, in this sense, if its forecasts have equal or
higher value for all users when applied optimally.
Reversal of the quality-value relationship is possible
when decisions are made at a threshold that is sub-
stantially different from the optimal threshold, so that
increases in skill can result in worse decisions. 

Even when there is no reversal of the quality/value
relationship, decisions made at sub-optimal thresh-
olds can be much more costly than those made opti-
mally. Yes/no forecasts, produced at a single thresh-
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Table 3. Forecast set A, constructed to have d′′ = 0.2,  p*
= 0.25, pc = 0.2 and N = 1000.

EVENT
NO YES

FORECAST NO 750 182
YES 50 18

Table 4. Forecast set B, constructed to have d′′ = 1.0,
p*=0.25, pc = 0.2 and N = 1000.

EVENT
NO YES

FORECAST NO 628 83
YES 172 117

Table 5. Some performance measures for forecast sets
A and B. Asterisk denotes better score. C is the
relative cost for R = 2.0.

Measure Forecast Forecast 
set A set B

POD or h .090 .585*
FAR .735 .595*
f .063* .215
Bias .340 1.445*
CSI .072 .315*
Heidke score .037 .317*
Hansen and Kuipers score .028 .370*
d′ 0.193 1.0*
Percent correct 76.8* 74.5
C .282* .427

Fig. 10 Variation of relative cost with d′′ for subopti-
mal decisions and a rare event, for p*=0.15
and p*=0.667. pc = 0.01, R = 2.0, p*opt = 0.667.



old, must be sub-optimal to some degree for most
users, and seriously sub-optimal for some users.
Forecasts issued as probabilities provide users with
information about the uncertainty of the event of
interest, and enable different users to apply appropri-
ate thresholds for decision making.
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Appendix
Validation of the model
The validity of the modelling results shown in this
paper rests on the observation that, when a number of
sets of yes/no forecasts are produced by the same
forecasting system at different p*, the variation of h
and f with p* follows closely the prediction of the sig-
nal detection model with Gaussian distributions.

As a single illustrative example, Fig. 11 shows the
modelled and empirical variation of h and f with p*
for a particular set of forecasts. The data points are
values of h and f produced by setting threshold prob-
abilities at successively increasing values in a set of
daily probabilistic forecasts of rain at Canberra
Airport. There were 3286 forecasts in the sample and
the whole-sample relative frequency of rain was
0.109. The forecast probabilities were recalibrated by
fitting a straight line to the reliability diagram with
axes transformed to log odds, providing estimates of
the ‘true’ probabilities corresponding to the forecast
probabilities. The smooth curve shows h (upper
curve) and f (lower curve) modelled by moving a
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decision threshold through Gaussian distributions
with means separated by 2.16 in units of the standard
deviation of the fN distribution, and a ratio of the vari-
ance of fN(x) to fY(x) of 0.886. These values were esti-
mated by fitting a straight line to the relative operat-
ing characteristic for the forecasts on ‘bi-normal’ axes
using standard methods (Mason 1982a). The fit is evi-
dently good. This illustrates the correspondence
between SDT modelled and observed relationships
between h, f and p*.

Figure 12 shows implied values of C, the relative
cost of uncertainty, for R=1. The solid line is the pre-
diction of the model with parameter values as speci-
fied in the previous paragraph, and the data points are
values of C calculated from the same set of forecasts,
plotted against the threshold probabilities.
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Fig. 11 Modelled and empirical variation of hit and
false alarm rates with threshold probability.
Data points generated from probabilistic fore-
casts for rain at Canberra Airport. Curve
from fitted SDT model with separation of
means 2.162 and ratio of variances 0.886. pc =
0.109.

Fig. 12 Modelled and empirical variation of relative
cost with threshold probability for an opera-
tion using the forecasts in Fig. 11, with R=1.0.
Data points from probabilistic forecasts, curve
fitted using SDT model with parameter values
as in Fig. 11.


