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Modelling heatwaves: connecting an empirical 
Markov process model with an autoregressive 

model
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The frequency, intensity and duration of heatwaves at sites in mid-latitude Aus-
tralia are modelled by a Markov process model and an autoregressive model 
with both producing typical relative errors of ten to fifteen per cent. The Mar-
kov model requires a location-specific empirical coefficient and this coefficient 
is shown to have a dependency on the summer-time autocorrelation and a sea-
sonality index. Applying the autoregressive model to simple idealised climates, 
a very similar dependency is found which serves to demonstrate a connection 
between the two models. The use of detrended temperature, rather than actual 
temperature, has no material effect on the results.

Introduction

A basic definition of a heatwave implies that it is an extended 
period of unusually high heat stress, however, there is no 
rigorous definition that is universally accepted (Robinson 
2001). Definitions of heatwaves generally comprise three 
components; a meteorological variable (often maximum 
temperature), a threshold for that variable, and duration. 
Threshold temperatures are either categorical, for example 
30 °C, or relative, for example the 90th percentile (Karl and 
Knight 1997; Robinson 2001). Although there are critical 
temperatures in the literature, heatwaves, like drought, 
are relative to what is considered normal in a region. It is 
common to use an arbitrary percentile, typically 90 per cent, 
based on all days of the year (for example, Tryhorn and 
Risbey 2006). Seasonality has been further considered by 
basing the threshold percentile on three-monthly (Beniston 
and Stephenson 2004; Nasrallah et al. 2004; Abaurrea et 
al. 2007) or shorter windows (for example, five days as in 
Alexander et al. 2007).
 The duration of heatwaves is typically taken as between 
two and six days (Nasrallah et al. 2004; Khaliq et al. 2007; 
Karl and Knight 1997; Huth et al 2000; Sanchez et al. 
2004; Alexander et al. 2007). The World Meteorological 
Organization Expert Team on Climate Change Detection, 
Monitoring and Indices proposed a Warm Spell Duration 
Indicator, defined as the annual number of days with at least 

six consecutive days above the 90th percentile maximum 
temperature based on a moving window of five days (http://
cccma.seos.uvic.ca/ETCCDMI/).  
 In Australia, Tryhorn and Risbey (2006) defined a heatwave 
as any run of days with maximum temperature exceeding the 
90th percentile maximum temperature and found a general 
increase in heatwaves in recent decades. Collins et al. (2000) 
defined Hot Day Events as occurrences of three, four or 
five consecutive days above 35 °C and Relatively Warm Day 
Events as occurrences of three, four or five consecutive days 
above a relative threshold. They found increasing trends 
in the number of events and that the trends were in close 
agreement with trends in the total number of hot days. 
Alexander et al. (2007) and Chambers and Griffiths (2008) 
found that there have been general increases in the number 
of hot days and that these increases are strongly correlated 
with trends in mean temperatures. Nairn et al. (2009) have 
proposed a national operational system of forecast indices 
based on the mean temperature of three days relative to the 
95th percentile.
 All these indices and studies either explicitly or implicitly 
recognise the dilemma inherent in any quantification of the 
expectation of extremes: extreme events are by definition 
rare, and reliable quantification of their frequencies becomes 
more difficult as the events become more extreme with 
regard to threshold, duration or both. 
 Stochastic time series modelling using first-order 
autoregressive [AR(1)] models provide characteristics of 
heatwaves that are in good agreement with observations 
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in mid-latitude areas (Kysely 2009; Mearns et al. 1984). 
Grace et al. (2009) (hereafter GSH) showed that heatwave 
frequency at viticultural sites in southeastern Austalia 
could be modelled by a Markov process. The model of GSH 
provides a relationship between (i) the frequency of runs, (ii) 
the duration of runs and (iii) the intensity (as specified by a 
relative threshold maximum temperature); that relationship 
being regulated by an empirical coefficient M which is 
specific to each location or site. There does not appear to be 
any heatwave model in the literature that expressly relates 
all three variables of frequency, duration and intensity. 
In this paper, the model of GSH is termed the M model 
in recognition of its links to the Markov process and also 
because GSH found that the coefficient M is a measure 
of maritime influence in that M is a maximum at coastal 
locations and a minimum far inland.
 The M model of GSH was developed initially for the 
viticultural industry of southeastern Australia. In relation to 
planning for the possibility of heatwaves, a viticulturalist’s 
concerns will include things like grape variety selection, 
crop response, foliage management and water resource 
capacity and distribution, so the model should be able to 
answer a grower’s question such as ‘What is the likelihood 
of a heatwave (at my location) of x days or more with the 
temperature exceeding y? I want the flexibility to nominate 
my own x and y.’ If the value of M is known or supplied, 
the model provides a straightforward analytical expression 
to calculate the likelihood or expected frequency of the 
nominated event. (GSH extended the model to apply to time 
windows of a month or a fortnight). Potentially, operational 
managers in other spheres may have similar questions.
 The purpose of this paper is to show the connection 
between the autoregressive model and empirical Markov 
process model of heatwaves (hereafter AR and M models 
respectively), and to show that each provides estimates of 
the frequency of heatwaves typically accurate to within ten 
to fifteen per cent. A brief description and comparison of 
the M model and the AR model follows, but more detail is 
provided in later sections. 
 Initially we consider the idealised case of a perpetual 
summer regime of a stationary stochastic nature. Assuming 
a Markov process that is two-state (the days are exclusively 
either hot or cool) and first-order (the ‘memory’ lasts only one 
day), then with a knowledge of the unconditional probability 
that a day exceeds a given temperature threshold (that is, that 
a day is hot) and the conditional probability that a day is hot 
if the previous day was hot, a Markov process model of the 
probability of runs of hot days can be developed. Persistence 
is manifest by the conditional probability. For the same 
regime, the first order AR model requires the assumption 
of a Gaussian distribution of temperature (although more 
sophisticated AR models may use other distributions) 
and a knowledge of the mean, standard deviation and 
autocorrelation at a lag of one day. Here persistence is 
manifest by the autocorrelation. The AR model then provides 
a simulated sequence of daily temperatures from which to 

compute statistics such as the expectation of heatwaves. The 
M model is extended to apply to more realistic regimes by 
incorporating an empirical relationship, discovered by GSH, 
between the unconditional and the conditional probabilities. 
In this way, the M model is able to provide a practical 
analytical expression linking the expected frequency of a 
heatwave with it associated threshold temperature and the 
duration. The AR model is extended to more realistic regimes 
by incorporating seasonal variation of the mean, standard 
deviation and autocorrelation. Again, simulated sequences 
provide the means to estimate heatwave probabilities but 
there is no simple analytical expression available. 
 After a description of the data used in the ‘Data 
considerations’ section, the M model is described in the ‘The 
M model’ section and tested on the data from the selected 
sites, and an empirical relationship between coefficient 
M and summertime persistence of daily temperature and 
seasonality is established. In ‘The autoregressive (AR) model’ 
section the performance of the AR model is investigated. 
An idealised AR model using a sinusoidally varying mean 
is shown to have a relationship between M, autocorrelation 
and seasonality in very close agreement to that established 
empirically. The effect of non-stationarity is investigated by 
detrending the actual temperature time series and repeating 
the analyses in the ‘Non-stationarity’ section with the 
conclusions presented in the ‘Discussion and conclusions’ 
section at the end of the paper. 

Data considerations

Data used in model testing are the daily maximum 
temperature record from the Australian Bureau of 
Meteorology’s High Quality Temperature data-set originally 
developed by Trewin (2001) but available in updated form 
from Bureau of Meteorology (2009). This data-set contains 
103 sites. From this data-set those sites with less than 25 
years of data were excluded. All tropical sites (those north 
of 23ºS) were also excluded since tropical sites typically 
exhibit relatively small day to day variation in temperature. 
This left 81 sites covering mid-latitude Australia including 
Tasmania and all are used—although detailed presentation 

Table 1.  Details of eight sites for which detailed analyses are 
presented. ‘Apt’ indicates an airport site.

Site Years of record Complete years

Alice Springs Apt 1957 - 2008   66

Canberra Apt 1947 - 2007   61

Adelaide 1887 - 2007 120

Perth Apt 1944 - 2007   64

Brisbane Apt 1949 - 1998   50

Melbourne 1855 - 2007 153

Hobart 1944 - 2007   63

Sydney 1859 - 2007 149
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of analyses and results are presented only for the eight 
sites of Table 1, which shows details of the data-sets for 
these eight sites. These sites are from the state capitals and 
Canberra and Alice Springs. All 81 sites are used for model 
validation as well as specification of a relationship between 
the coefficient M and the observed autocorrelation and a 
seasonality index.
 The data are allocated to ‘summer years’ from July to 
June and the summer years are labelled by the calendar 
year of July. For example, the summer year of 1981 covers 
the period 1 July 1981 to 30 June 1982. A complete, or near-
complete, year of record at a station is regarded as one with 
no more than two missing observations, and the missing 
observations are substituted with interpolated values. 

The M model

In this section the relevant features and implications of the M 
model are described. Firstly, the terms necessary to describe 
the model within a mathematical framework are defined. 
 A hot day is one with a maximum temperature exceeding 
a threshold Tp; otherwise the day is defined as cool. The 
threshold Tp is the pth percentile of maximum temperature 
calculated over the annual cycle and over the period of 
concern. Hot and cool days are mutually exclusive, and a 
‘run’ is a sequence of hot days bounded by cool days. The 
fraction of days having a temperature exceeding Tp is f 
which is also the unconditional, or marginal, probability; 
and f = 1 – 0.01p, with 0 ≤ f ≤ 1.
 Now consider a perpetual summer regime with the 
unconditional probability of a hot day being f. Next, day-
to-day persistence is incorporated with the simplest 
possible Markov process. The probabilities of a given day’s 
temperature state (either cool or hot) in a two-state first-order 
Markov process is represented by the transition matrix B :
 

         ...(1)

where fcc is the conditional probability that a cool day is 
followed by a cool day, fch is the probability that a cool day 
is followed by a hot day etc., and where the row values of 
B sum to 1. Following GSH the expected annual number of 
runs is given by: 

                        ...(2)

where N is the annual number of runs with duration ≥ j days. 
GSH discovered that for actual daily data using all days of 
the year there is an empirical approximation relating fhh to f . 
The empirical relationship is: 
         
        ...(3)

which is generally valid for f < 0.15 although for many sites 
it is valid for f up to ~ 0.5. M is a location-specific empirical 
coefficient which generally requires at least 20 to 30 years 
of record to obtain a robust estimate. There are several 
methods to determine M; GSH outlines one.
  Combining Equations 2 and 3 then the M model is 
encapsulated by the representation of Equation 4 which 
links N, the frequency of a heatwave event with threshold 
intensity (through p, or f) and the duration taken as a run of 
at least j days: 

         ...(4)

The reciprocal of N is the return period. In practice, equation 
3 and hence the model is generally reliable provided f < 
0.15. Higher values of M imply less chance of runs of longer 
duration. 
 An alternative definition for duration is to consider runs 
of exactly j days as distinct from runs of at least j days. GSH 
noted that end-users tended to prefer the latter and that 
preference is followed here. In practice it is straightforward 
to use either. GSH showed that the corresponding model 
equation for runs of exactly j days is given by 

                      ...(4a)

where Nexact refers to the number of heatwaves using the 
former definition for duration.

Model test
GSH presented comprehensive validation of the M model for 
the southeastern mainland region using 245 sites with data 
from the Australian Bureau of Meteorology. Nevertheless 
particular validation results are presented here for the 
eight selected high-quality sites as well as summary results 
for the remainder of the 81 high-quality mid-latitude sites. 
Testing a model of rare events is challenging because of the 
intrinsically high variability of rare events. To test the model, 
graphical comparisons and a quantitative measure of model 
performance were used. 
 Graphs of model expectation and observed numbers 
of heatwaves, scaled to a per century basis, for threshold 
temperatures corresponding to the 90th, 95th and 99th 
percentiles are presented at Fig. 1 for the eight sites. The 
percentile values are chosen arbitrarily but are intended to 
cover the range of practical concern: M is independent of 
the threshold percentile provided f < 0.15, so any percentile 
thresholds above about 85 per cent could be used. The most 
convenient graphing is of a semilog type, whereby the model 
is represented by a family of straight lines with slope of 
M log(f). Strictly speaking, the model provides discrete values 
since j is discrete, but the model is presented as continuous 
in the interests of visual clarity. Subjectively, the model is in 
good agreement with the observations. The model has large 
relative departures from the data as the number of runs 
per century decreases, in particular at Perth and Brisbane 
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for T90 for run durations exceeding ten days. This could be 
due in part to decreasing sample size of these rarer events 
or due to limitations in the model. For instance, it may be 
that a second or higher order Markov process incorporating 
longer persistence would be more appropriate. 
 Common measures of model accuracy such as correlation 
and rms error (root mean square error) are too generous or 
misleading in the circumstances due to the over-influence 
of the much larger numbers of runs of only one or two 
days. Correlation coefficients are generally above 0.98. 
On the other hand, in terms of a metric for relative error, 
the sampling variability at longer run lengths means that 

an unweighted rms relative error may be over-influenced 
by a few tail observations. A measure of expected relative 
error would be practical for risk management applications. 
Accordingly a weighted rms relative error is considered. 
However, we find that Cramer’s contingency coefficient 
(Conover 1999), usually denoted as V and which is in common 
use in the social sciences as a measure of association, is very 
similar to a weighted rms relative error (see Appendix A). 
An advantage of the V score is that it is scale invariant; and 
in our case a score of 0 indicates a perfect model. For a two 
row contingency table—one row for observations and one 
for expected values:

Fig. 1  Using the M model, a comparison of modelled (lines) and observed (filled circles) runs for thresholds of  90th, 95th and 99th 
percentile temperature for selected sites in mid-latitude Australia.
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         ...(5)

where        ...(6)

and Ej and Oj represent the number of runs expected and 
observed respectively for runs of duration j days or more. 
Q is the total number of observed runs, which is also the 
total number of hot days (see end of ‘Appendix A’ for an 
in-principle proof). V may be calculated for individual 
percentile thresholds of 90, 95 and 99 per cent (or any other 
percentile) but will be taken as the mean of the scores for the 
three percentiles, so that there is one value per site. 
 Table 2 shows M and V for each of the selected sites. 
Generally V is between 0.1 and 0.2. Based on graphical 
interpretation and tabulated values of the Cramer 
contingency coefficient, it is concluded that the model is 
in good agreement with the observations from the area of 
interest (Fig. 1).

Relationship of model coefficient M to persistence and sea-
sonality
For the theoretical case of a perpetual summer with no day-
to-day persistence, then equation 4 with M = 1 describes the 
runs resulting from a sequence of independent Bernoulli 
events (GSH). Thus it is to be anticipated that M ought be 
related to the day-to-day persistence of the temperature, 
especially during summertime. As the persistence increases, 
then it is expected that M would decrease. As a measure of 
persistence of daily temperature, the autocorrelation at lag 
of one day is used. The autocorrelation, A, for the period 
January to February (the two hottest months in southern 
Australia) was calculated for each summer year. It is expected 
that M is inversely related to A. A scatterplot of M against A 
for all 81 sites at Fig. 2(a) confirms this.
 Another anticipated factor is the seasonality—whether 

the summer is ‘peaky’ or ‘broad.’ The theoretical extreme 
of a broad summer is a perpetual summer. With greater 
seasonality summer is ‘peakier’ and shorter, so that the 
‘quota’ of 365f hot days per annum are likely to be located 
within a shorter period and therefore it is more likely that 
longer runs of hot days will form than otherwise. Thus we 
expect M to be inversely related to seasonality. 
 As a measure of seasonality S we use the following non-
dimensionalised index:

               ...(7)

where Tsm is the mean temperature during summer (January 
and February), Tm is the mean over the whole year and σS is 
the standard deviation over summer. S = 0 corresponds to 
a perpetual summer and a large S implies a short summer. 
As with A it is expected that M is inversely related to S. The 
scatterplot of M against S at Fig. 2(b) confirms that this too 
is the case.
 A parsimonious regression relationship for M as a 
function of A and S is expressed by the approximation: 

           ...(8)

where M denotes the estimate of M, and where a value for k 
of 0.55 was found empirically using the 81 sites. Figure 2(c) 
compares M and M: the coefficient of determination is 0.91 
and the standard error is 0.028. A multiple linear regression 
with three coefficients is marginally less accurate. 

The autoregressive (AR) model

Autoregressive AR(1) models have been used to model 
heatwaves in mid-latitudes (Mearns et al. 1984; Kysely 2009). 
The assumption that the temperature time series conforms 
to an AR(1) model is articulated as (Wilks 2006):

          ...(9)

Table 2.  M values together with V scores calculated for the M model, the AR model and the M model using regression estimate (      ) 
based on summertime autocorrelation A and seasonality S for the eight selected sites together with the overall means for 
all 81 sites. Italics refer to similar calculations but using detrended temperature. 

Site Value of M
V

M model
V

AR model
V

M model

Alice Springs Apt 0.17 0.16 0.14 0.16 0.12 0.14 0.12 0.18

Canberra Apt 0.20 0.20 0.07 0.07 0.16 0.19 0.09 0.17

Adelaide 0.24 0.24 0.12 0.13 0.08 0.10 0.10 0.12

Perth Apt 0.25 0.25 0.11 0.10 0.11 0.06 0.13 0.11

Brisbane Apt 0.25 0.25 0.26 0.24 0.16 0.15 0.16 0.25

Melbourne 0.33 0.33 0.07 0.07 0.12 0.13 0.10 0.16

Hobart 0.44 0.44 0.04 0.04 0.09 0.08 0.15 0.04

Sydney 0.45 0.46 0.11 0.10 0.08 0.08 0.16 0.14

Mean of 81 sites 0.12 0.13 0.14 0.14 0.16 0.15

M̂

M̂

M̂

M̂
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where T represents the daily temperature at days i = 
0,1,2,3,… and A is the autocorrelation at lag 1, µ is the mean 
temperature, G is the random shock term drawn from the 
Gaussian distribution with mean of zero and standard 
deviation σ, which is also the standard deviation of the 
temperature. Ti=0 is set to the mean. The three parameters 
A, µ and σ are treated as seasonally varying as shown for 
example at Fig. 3. A set of simulations each covering 10,000 
years (3,650,000 days) was undertaken for each of the 81 sites. 
Graphical comparison of the AR model and observations are 
shown at Fig. 4. For the eight study sites the performances 
of the M model and the AR model are seen to be similar. As 
with the M model’s graphical results at Fig.1, there are some 
large relative departures, in particular for T90 for Brisbane 
and Hobart. Again this could be due to sampling variability 
or even subtle observational biases at the sites, or to model 
limitations. The AR model used here is of first order and it 
may be that a higher order model with a longer ‘memory’ 
is required. Another model limitation is the assumption 
of normality—in fact, the daily temperature distributions, 
especially in summer, are usually skewed; positively near the 
coasts and negatively far inland (GSH). In regard to all 81 
sites, the model performances are also comparable with the 
M model which has an overall lower mean of 0.12 compared 
to 0.14 (see Table 2). This confirms that AR models offer good 
representation of heatwaves in mid-latitude Australia.

AR model with idealised seasonality
An autoregressive AR(1) model is used to investigate how the 
coefficient M changes with factors such as autocorrelation 
and seasonality. Here the focus is on highly idealised regimes.
 A series of numerical experiments into the effect of A 
and S upon M are described. Firstly, a perpetual summer 
is idealised as a Gaussian autoregressive AR(1) regime 
with mean and variance fixed at 0 and 1 respectively, and 
with controlled settings of time-invariant autocorrelation. 
Simulations of daily temperature sequences equivalent to 
10 000 years were performed. The M model is applied to 
each of the synthetic time series to obtain estimates of M, 
which are denoted here as m to distinguish them from the 
observations of M and the regression estimates (denoted by 
M ).

Fig. 2   (a) Plot of M against A for 81 sites showing negative correlation. (b) Plot of M against S also showing negative correlation.  
(c) Plot of M against      .

Fig. 3   (a) For Adelaide and Melbourne (blue and red respec-
tively), seasonal plots of (a) mean temperature μ, (b) 
standard deviation σ and (c) autocorrelation A. The 
three parameters are based on daily data and calcu-
lated using a centred sliding 31 day window and then 
averaged over corresponding pseudo-Julian days. 
The pseudo-Julian day is analogous to conventional 
Julian day but commences from 1 July.

M̂

M̂



Grace: Modelling Heatwaves   49   

 Secondly, seasonality is incorporated by imposing on 
the mean a sinusoidal variation of amplitude scaled by the 
standard deviation. The scaled amplitude is the seasonality S. 
The mean µ is set equal to -S cos(2pi/365) for day i and thus 
the mean varies from –S with a winter start to +S in summer. 
A further series of AR simulations with controlled settings 
of A and S show that for this highly idealised regime, the 
relationship of m with A and S is depicted as at Fig. 5, with more 
accurate interpolation obtained from a lookup table. Values of 
m are based upon this simple concept of an autoregressive 
regime with a seasonal mean: they are not based upon or 
tuned to observations in any way. The parameters A and S 
here correspond to the A and S from ‘The M model’ section. 
The autocorrelation away from the summer period is less 

important so it is simply set constant throughout the year. 
The same applies to idealisations of the standard deviation, 
although it scaled to one which allows the mean temperature 
to vary by an amplitude scaled by the summertime standard 
deviation, which is exactly the definition of S in Equation 7.
 At Fig. 6(a) the values of m are compared to observed 
values of M using the corresponding values of A and S 
observed at each site. The rms error of m as a predictor 
of M is 0.029 and the coefficient of determination (r2) is 
0.91. At Fig. 6(b) a comparison of M  with m shows that 
the theoretical expectation of M for an idealised seasonal 
autoregressive climate is in very close agreement with the 
regression estimate of M based on the observations—with 
coefficient of determination 0.986 and standard error of 

Fig. 4 As for Fig. 1 but using an autoregressive model with the observed seasonally varying mean, standard deviation and auto-
correlation.

M̂
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0.011. This demonstrates the connection between the AR 
and M models. One pragmatic advantage of the M model 
is that it requires only one input parameter, M. On the other 
hand, to calculate M generally requires up to 30 years of 
continuous observational record. However, the use of M in 
lieu of M lessens this problem as M can be calculated from 
A and S based on a shorter period of record and which may 
contain missing days. The use of M as the coefficient in the 
M model is typically accurate to within sixteen per cent.

Non-stationarity

The previous investigations make no explicit recognition of 
global warming trends. For the temperature, Mann-Kendall 
tests for trend (Kendall 1975) using a significance level of 
0.05 show that of the 81 sites, 63 had significant increasing 
trends while two had significant decreasing trends. Such 
trends are evident at Fig. 7, with the exception of the 
Brisbane Airport site which has a non-significant decreasing 
trend. The annual temperature of the selected sites is shown 
together with a loess smooth. The annual temperature series 
is then comprised of the series of the means of maximum 
temperature of each summer year. As distinct from a global 
fitting of a curve to noisy data by linear, quadratic or other 
parametric expressions, loess fitting (Cleveland 1993) is 

Fig. 5  Contour plot of m in relation to A and S. m is the theo-
retical estimate of M derived from many AR simula-
tions with idealised A and S.

Fig. 7 Time series of annual mean of maximum tempera-
ture for the eight selected sites with a loess smooth 
shown in red. Apart from Brisbane all these sites have 
statistically significant increasing trends.

Fig. 6 Scatterplots of (a) m against M, and (b) m against      .
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classed as a non-parametric fitting technique where a linear 
or quadratic function of the predictor variable is fit in a 
sliding weighted window fashion. There are no problems 
with missing or irregularly spaced data. Unlike conventional 
running means, there are no non-computable half-windows 
at the beginning and end of the data series. A smoothing 
factor between 0 and 1 regulates the size of the window 
and hence the amount of smoothing: 0 corresponds to no 
smoothing at all and 1 corresponds to a global quadratic 
or linear fit. The loess smoothing performed here uses a 
smoothing factor of 0.5 which after some trial and error 
appeared to be the smallest value to consistently provide a 
good subjective smoothing for all 81 sites. Detrending of the 
temperature time series is then accomplished by subtracting 
the loess series from the actual series. 
 The investigations detailed in the M model and the 
autoregressive (AR) model sections regarding model testing 
and the establishment of a link between the M model and the 
AR model were repeated using the detrended temperature 
time series. Because there is no substantial difference in 
the findings, the corresponding graphical results are not 
presented. The difference in mean M over the 81 sites for 
the M model for actual and detrended temperatures is < 
0.001 which is not significant at p ≤ 0.05. The Kolmogorov-
Smirnov test reveals that there is no significant difference 
between the distributions of actual and detrended M. The 
differences in V scores and k are also slight and insignificant. 
The corresponding differences in the correlation coefficients 
and standard errors for the pairings of M, M and m are 
likewise very slight (that is, only evident in the third decimal 
figure).
 These investigations were repeated again with loess 
smoothing settings of 0.25 (less smoothing) and 0.75 (more 
smoothing) and with conventional detrending by subtracting 
the linear trend. All these investigations have results very 
similar to that above.

Discussion and Conclusions

The M model of GSH developed for viticultural regions 
was briefly described. Using 81 sites with high-quality 
temperature data, including eight specific study sites 
covering mid-latitude Australia, the model was shown to 
be in good agreement with observations of the number of 
heatwaves. Typical relative error (the V score) is 0.12. The 
model requires an empirical coefficient, M, the calculation of 
which requires up to 30 years of data with no data missing, 
at least during the warmer months. An autoregressive model 
produced similar performance results (V of 0.14).
 It was shown that A, the summertime autocorrelation, 
and S, a measure of seasonality, vary inversely with M as 
anticipated from qualitative considerations of the model. 
A and S together account for 91 per cent of the observed 
variance of M. These empirically based regression estimates 
of M were shown to be in very close agreement with estimates 
of M as determined from an idealised autoregressive regime 

with seasonal mean parameterised as a sinusoidal variation. 
Thus an empirical and theoretical connection between 
the empirical Markov process model (the M model) and 
autoregressive model of heatwaves was demonstrated.
 Using the regression estimate of M in the M model 
equation, the performance in modelling heatwave 
frequencies deteriorated slightly but remained comparable 
with a V score of 0.16. Since A and S can be calculated annually 
and even with occasional missing data, then an estimate of 
M, based on the established regression relationship, may 
be viable for sites with records shorter than 30 years and 
containing occasional missing data. 
 Similar investigations using detrended temperature 
instead of the actual temperature reveal no significant 
differences in M indicating that M is not sensitive to warming 
trends of the scale observed in recent decades over mid-
latitude Australia.
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Appendix A

It is shown that Cramer’s contingency coefficient (Conover 
1999) is a form of weighted rms relative error. 
 Let Ej and Oj represent the number of runs expected and 
observed respectively for runs of duration j days or more. 
Let J be the duration of the longest run so that Oj = 0 for j > J.

The error for the jth day is:                   ...(A1)

and the relative error is:                    ...(A2)

A measure of expected (unweighted) relative error, U, would 
be:

                      ...(A3)

And W, a measure weighted by the expected number of 
occurrences would similarly be:

                      ...(A4)

The total number of expected runs is reasonably anticipated 
to be close to the total number of observed runs (see below). 
The expected number of runs of duration longer than J days 

will be very small. 

                      ...(A5)

Let:                     ...(A6)
              

Using A6 and A5 in A4, we arrive at the following measure:

     
                    ...(A7)

But:                    ...(A8)

and so:                    ...(A9)

       
                     
which is Cramer’s contingency coefficient as defined for a 
two row (or two column) contingency table. The χ2 term is 
calculated in the conventional way ensuring that groupings 
contain at least five occurrences. 
 Returning to the assumption expressed by equation A5, it 
is noted that in practice, from 81 sites, by far the worst error 
– in the sense of leading to an underestimate for W – was a 
three per cent underestimate which by virtue of the square 
root would lead to an underestimate for W of 1.5 per cent.
 Finally, we note that the total number of observed runs 
Q is equal to the total number of hot days. To show this, 
consider the following arbitrary sequence of hot and cool 
days containing seven hot days:

… c c c h c c h h c c c h c h h h c c c… 

where h and c denote hot and cool days respectively. Here 
there are two runs of exactly one day, one run of exactly two 
days and one run of exactly three days. Alternatively there 
is one run of at least three days, two runs of at least two 
days and four runs of at least one day. The total number of 
the runs of the ‘at least’ type is seven, the same as the total 
number of hot days.
 Assume that an additional run of hot days of exactly 
four days is appended to the sequence. This will imply an 
additional run of at least four days, another of at least three, 
another of at least two and another of at least one—that 
is, an additional four runs of the ‘at least’ type. By starting 
with a sequence containing no runs, then one can show by 
induction that Q is equal to the total number of hot days. 

=


