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Nonlinear	systems	are	characterised	by	two	intrinsic	phenomena:	bimodality	and	chaos.	
	
•  Geophysical	flows	are	described	by	various	forms	of	the	Navier-Stokes	equa<on	i.e.	strongly	

nonlinear	system	with	quadra<c	nonlinearity	and	strong	coupling	across	scales.		
	
•  In	the	climate	system	this	is	further	complicated	by	coupling	of	the	large	scale	slow	climate	

modes	(ocean)	to	coherent	midla<tude	weather	systems	and	fast	tropical	convec<on	i.e.	
stochas<c	forcing.		

	
•  Such	systems	exhibit	mul<ple	equilibria	where	abrupt	apparently	random	transi<ons	from	one	

rela<vely	persistent	and	stable	state	to	another	occur.	
	
•  In	these	systems	there	is	extreme	sensi<vity	to	ini<al	condi<ons	where	regime	transi<ons	are	

oDen	ini<ated	by	some	rapidly	growing	disturbance	(oDen	localised	by	region	–	i.e.	low	
dimensional	subspace)	for	a	given	spa<o-temporal	scale.	

•  The	goal	of	data	assimila<on	in	such	systems	is	to	indicate	the	correct	qualita<ve	state	of	the	
system	in	both	the	short	and	long	term	and	to	give	some	indica<on	of	the	reliability	of	the	
forecast.		

	
•  In	short	we	want	to	know	if	a	regime	transi<on	is	imminent	and	some	indica<on	of	how	long	it	

will	persist.	
	
•  In	prac<ce	this	requires	some	knowledge	of	the	higher	order	moments	i.e.	the	third	(skewness)	

and	fourth	(kurtosis)	moments.	In	non-Gaussian	systems	regime	transi<ons	are	oDen	
characterised	by	spikes	in	these	higher	moments.	Memory	effects	become	important!	
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We	must	truncate	an	infinite	hierarchy	of	
moments.	
	
For	highly	nonlinear	systems	where	the	
coupling	across	scales	is	strong	simply	
trunca<ng	at	a	given	moment	fails	due	to	
divergent	terms	at	low	&	high	wavenumbers.	
	
For	Taylor	expansions	combinatorial	
divergences	can	occur	as	successively	more	
higher	order	terms	are	kept.	
	
To	deal	with	this	problem	requires	
sophis<cated	approaches	from	a	wide	variety	of	
applied	mathema<cs	and	theore<cal	physics	
methods.		

There	is	a	problem	though!		
	
In	order	to	calculate	the	error	covariance	in	an	evolving	nonlinear	system	requires	the	
solu<on	of	an	infinite	hierarchy	of	moment	equa<ons;	this	problem	is	formally	
iden<cal	to	the	closure	problem	that	arises	in	sta<s<cal	approaches	to	turbulence.	
	



The statistical dynamical Kalman filter

Kalman filter variants

Kalman filter

In general the Kalman filter theory for estimating the a posteriori analysis fields, in
terms of the observations and prior forecast fields, takes the following form. Let
d = hdi+ ˆd denote the vector of observations with mean hdi and error ˆd, ⇣f is the
vector of prior fields, K is the Kalman gain and H is the operator that maps the fields
from model space to the space of observations. Then the analysis field is estimated by

⇣a = ⇣f +K(d�H⇣f ) (3)

where ⇣ = h⇣i+ ˆ⇣. The estimate Eq. (3) is the optimal linear combination of the
observations and the prior. The Kalman gain K is given by

K = CfHT
(HCfHT

+D)

�1. (4)

where the observational error matrix D = hˆdˆdT i, the forecast error covariance matrix
Cf

= hˆ⇣f ˆ⇣fT i and T denotes transpose for real fields in grid point space.
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The statistical dynamical Kalman filter

Kalman filter variants

Extended and Ensemble Kalman filters

A simple extension to nonlinear models is to replace the linear operator � with its
tangent linear form in order to employ a tangent linear approximation for calculating
the background error covariances Cf i.e.
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The ensemble Kalman filter is implemented directly for an ensemble of forecast fields,
⇣fi = h⇣i+ ˆ⇣fi , rather than for the mean field and covariance statistics. Again the
prior covariance matrix can be calculated by ensemble averaging over the fluctuating
components with Cf

= hˆ⇣fi ˆ⇣fiT i. In both the ensemble and statistical approaches
the Kalman gain is given by Eq. (4).(2)	

(3)	



•  We	will	consider	two	types	of	systems	with	
(intrinsic)	mul<ple	equilibria.	

	
•  The	first:	“climate	like”	systems	where	transi<ons	
between	equilibrium	states	are	ini<ated	by	weak	
stochas<c	forcing	of	the	large	scale	modes	i.e.	a	
sequence	of	perturba<ons	occurs	such	that	the	
system	transi<ons	between	two	states.		

•  The	second:	“weather	like”	systems	where	
chao<c	behavior	in	a	determinis<c	nonlinear	
dynamical	model	arises	due	to	sensi<vity	to	ini<al	
systems		–	i.e.	bifurca<ng	systems.	



Stochas<c	“climate”	models	



The double potential well is described by 

It has 2 stable (-1, 1) and 1 unstable (0) 
equilibria. The addition of stochastic 
forcing is required to allow for random 
transitions to occur 
 
i.e. a stochastic differential equation 
whose dynamics are governed by the 
negative gradients of the potential 
function 

Where b is white noise with unit variance, 
square of sigma determines variance of 
stochastic term and sets transition times.   

Miller, Ghill & Gauthiez (1994):         Extended Kalman Filter (EKF) 
 
Consider a conceptual model of subgrid noise in an ocean or atmosphere i.e. the double potential well. 

The EKF is reliable as long as state 
variable remains in one well or another. 
 
However the ability of the system to track 
transitions from one well to another varies 
with accuracy and frequency of 
observations 



Less	accurate	obs.->	system	relaxes	to	equilibrium	
state.	
	
Es<mated	model	error	covariance	is	too	small	to	
ensure	enough	gain	to	force	transi<on	i.e.	K<0	
always	

Less	accurate	obs.	but	more	frequent	sampling.	
i.e.	two	or	more	successive	updates	with	data	
from	opposite	basin	is	sufficient	to	ensure	
transi<on.	
	
Es<mated	error	covariance	does	not	have	<me	to	
relax	to	an	equilibrium	state.	Updates	given	
greater	weight	and	gain	increased	appropriately.	

Reference	solu<on.	
Kalman	gain	K>1/2	gets	transi<on	



Determinis<c	“weather”	models.	
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ing the symposium. R. Colwell, director of the NSF,
provided the keynote address.

One of the teams worked on atmospheric predict-
ability. The purpose of this note is to describe the ex-
perience and results obtained by this team in order
to encourage similar programs to attract women and
minorities into graduate studies in the geosciences.
One of the RISE scholars described her experience as
follows: “As an intern in the RISE program, my main
expectation was to gain familiarity with the research
process. Without prior research experience, I was
unsure if graduate school was a realistic option for me.
The RISE program allowed me to make my final de-
cision to pursue a graduate degree and gave me con-
fidence in my ability to contribute to a research
project. I was assigned to a project in the field of me-
teorology, a field about which I had little or no knowl-
edge. Through the guidance of our faculty mentor,
Dr. Eugenia Kalnay, and graduate advisors Malaquías
Peña and Shu-Chih Yang, my team and I were able
to first understand problems involved with weather
prediction, and then apply our new knowledge to
researching a method of weather prediction. Inter-
preting results, accepting that actual results may not
agree with expected ones, and exploring new paths
that the results lead to, are all exciting components
of the creative process of research that my team and I
had the opportunity to engage in. The fact that we
were able to contribute to the discovery of new results

helped me to decide to continue participating in re-
search in graduate school.”

PREDICTABILITY STUDY OF THE LORENZ
(1963) MODEL. Although the four RISE interns
were selected because of their outstanding mathemati-
cal, physical, and computer science skills, three of
them had no background in meteorology, and the fact
that the research internship had to be completed in
8 weeks imposed a significant challenge. The team was
given a problem: become familiar with the famous
Lorenz (1963) model, and explore its predictability
using breeding (Toth and Kalnay 1997; Kalnay 2003),
an algorithm chosen for this project because of its sim-
plicity. The Lorenz model equations are

(1)

,

where the parameters s = 10, b = 8/3, and r = 28, cho-
sen by Lorenz, result in chaotic solutions (Fig. 1).
This model has been very widely used as a prototype
of chaotic behavior and an example of lack of long-
term predictability (e.g., Sparrow 1982; Tsonis 1992;
Kalnay et al. 2002). The stability properties and the
dependence of the forecast error growth on the ini-
tial conditions have been previously studied (e.g.,
Nicolis et al 1983; Nese 1989; Elsner and Tsonis 1992;
Palmer 1993), but we are not aware of studies about
the prediction of the occurrence of regime changes
and their duration. The students were given as a tem-
plate a Matrix Laboratory (MATLAB) program of a
coupled fast–slow Lorenz model written by J.
Hansen, from which they unraveled the classic
Lorenz model code and learned how to run and plot
its results. They were asked: “Imagine that you are a
forecaster living in the Lorenz attractor. Everybody
in the attractor knows that there are two weather
regimes, which we could denote as ‘Warm’ and ‘Cold’
(see Fig. 1), but the public needs to know when
changes in regime will happen and how long will they
last. Can you develop simple forecasting rules to alert
people about imminent changes of regime?”

The students implemented breeding, a method
used to estimate forecast errors in weather models.
Bred vectors are simply the difference between two

FIG. 1. Solution of the Lorenz model equations (1) over
1500 time steps, showing a “warm” regime with posi-
tive values of x and y, and a “cold” regime with nega-
tive values of x and y. The solution typically remains for
several loops in each regime before changing to the
other regime.

J. Phys. A: Math. Theor. 46 (2013) 254021 A Norwood et al

(a) (b)

Figure 1. Control trajectory of the Lorenz (1963) model. (a) x-variable is plotted overlaid with
the growth rates of LV1. The black line in (a) highlights the time period (time 18–30) used for the
remainder of the section. (b) The attractor with colored stars indicating the LV1 growth rate range.

used to compute the LVs in the intervening steps. Their local growth rates are computed using
a centered difference approximation of equation (48) of WS07 1

||ϕ||
d||ϕ||

dt . Using forward or
backward difference schemes has little effect on the results.

3. Results with the Lorenz 1963 model

We first compute LVs, SVs and BVs for the Lorenz (1963) model

ẋ = σ (y − x),

ẏ = ρx − y − x,

ż = xy − βz, (12)

a simple system exhibiting chaos, whose behavior has been widely studied. We use the standard
parameters for the Lorenz model with σ = 10, ρ = 28, and β = 8/3. The model was integrated
for 5000 time steps using a fourth-order Runge-Kutta scheme with a time step of 0.01, so that
one unit of time in each of the corresponding graphs corresponds to 100 time steps, allowing
sufficient spin-up time for the solution to converge to the attractor.

This model has two regimes, a ‘cold’ regime, where both x and y values are negative,
and a ‘warm’ regime, where both x and y values are positive. Lorenz (1963) indicated that
regime changes (where the x and y variables switch signs) could actually be predicted using
large values of the z variable while Evans et al (2004) predicted regime changes using large
growth rates of bred vectors. In this section we will compare properties of LVs, SVs and BVs,
including their ability to predict regime changes.

Figure 1 gives the growth rates of LV1 along the entire 5000 time step trajectory. For
clarity of graphical presentations, in the remainder of this section we will focus on the behavior
of the trajectory during the time interval between times 18 and 30, marked with a black line
in figure 1, which includes a long regime as well as a few short regimes. Zooming in on this
limited trajectory helps to underscore the details of the behavior of the three types of vectors,
making them easier to compare. Clearly the first LV shares the property that large growth
rates, indicated by red stars, signal a regime change as found by Evans et al (2004).

Figure 2 provides the growth rates for the three LVs, the fastest growing initial and final
SVs, corresponding to the largest singular value, and the BVs for the abbreviated trajectory.
The singular vectors are computed using both a short integration window of 0.02 and a longer
one of 0.24 units, corresponding to 2 and 24 time steps respectively. With an integration
window of 0.02 units, the ISVs and FSVs are very similar (figures 2(d) and (e)). A window of
0.24 units provides time for the leading initial and final SVs to sufficiently separate to see a
marked difference in their behavior (figures 2(g) and (h)).

8
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Paradigm	model	of	convec<on	i.e.	Fourier	truncated	Rayleigh-Bernard	equa<ons.		
Three	fixed	points:	0	(no	mo<on),	and	two	convec<ve	states	(all	are	unstable)	
	
	
In	weather	predic<on	we	want	to	know	when	transi<ons	will	occur	and	for	how	long	will	
condi<ons	persist.			

Lorenz	(1963):	Determinis<c	non-periodic	flow.		
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model runs, the second originating from slightly per-
turbed initial conditions, periodically rescaled (Fig. 2).
The amplification of the bred vectors can be used to
identify regions of high error growth within the
attractor. The Lorenz model used in this project was
integrated using a fourth-order Runge–Kutta time
scheme with a time step of Dt = 0.01. The bred vectors
were obtained from a second run with the same model
started from an initial perturbation δx0 = (δx0, δ y0, δ z0)
added to the control at time t0. Every eight time steps
the vector difference δ x between the perturbed and
the control run was rescaled to the initial amplitude

and added to the control run (Fig. 2). The bred vec-
tor amplification factor was defined as the size of the
bred vector after n = 8 steps divided by its original size
|dx|/|dx0|, and the growth rate as

.

The students plotted the observed bred-vector growth
on the Lorenz attractor in order to explore its predict-
ability (Fig. 3). Red indicates that during the last eight
steps the perturbation growth rate g was larger than
0.064 (i.e., the size of the bred vectors grew by a fac-
tor of 1.67 or more in eight time steps), whereas blue
indicates a negative growth rate, meaning that the per-
turbations are actually decaying. The results shown
in this figure were very promising because they sug-
gested that bred vector growth would allow estimat-
ing regions of high and low predictability of the
attractor.

The students then examined the bred-vector
growth for patterns of predictability. They found that
plotting the growth rates on the evolution of the vari-
able x(t) provides a means to predict when the model
will enter a new regime, and also how long the new
regime will last. Figure 4 illustrates the “forecasting
rules” that the students developed by inspection.

• Rule 1: When the growth rate exceeds 0.064 over
a period of eight steps, as indicated by the presence
of one (or more) red stars, the current regime will
end after it completes the current orbit.

• Rule 2: The length of the new regime is propor-
tional to the number of red stars. For example, the
presence of five or more stars in the old regime,
indicating sustained strong growth, implies that
the new regime will last four orbits or more (see
Fig. 5 for the relationship between number of red
stars and the duration of the new regime).

After the RISE internship had been completed, and
the results presented at the RISE Research Sympo-
sium, Evans (supported by the School of Engineering)
and Peña carried out an objective verification of these
simple forecasting rules. Table 1 is the contingency
table for the categorical Rule 1 that forecasts the oc-
currence of a regime change during the following
orbit. Table 2 is the corresponding contingency table

FIG. 2. Schematic of the construction of bred vectors,
which are the difference between a perturbed and a
“control” (unperturbed) solution. Every few (in this
case, eight) steps, the difference, rescaled to the origi-
nal size and added to the control forecast, becomes the
initial condition for the perturbed forecast. The ratio
between the initial and the final size is the amplifica-
tion of the bred vector during that interval.

FIG. 3. The Lorenz “butterfly” attractor with bred-vec-
tor growth over eight steps. The table indicates the
range of the growth rate corresponding to each color.
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Growth	rate	is	the	natural	logarithm	of	the	ra<o	of	the	vector	difference	
between	the	perturbed	and	control	simula<on	and	the	amplitude	of	the	
ini<al	perturba<on		
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Predic<on,	instability	and	flow	dependency	
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turbations are actually decaying. The results shown
in this figure were very promising because they sug-
gested that bred vector growth would allow estimat-
ing regions of high and low predictability of the
attractor.

The students then examined the bred-vector
growth for patterns of predictability. They found that
plotting the growth rates on the evolution of the vari-
able x(t) provides a means to predict when the model
will enter a new regime, and also how long the new
regime will last. Figure 4 illustrates the “forecasting
rules” that the students developed by inspection.

• Rule 1: When the growth rate exceeds 0.064 over
a period of eight steps, as indicated by the presence
of one (or more) red stars, the current regime will
end after it completes the current orbit.

• Rule 2: The length of the new regime is propor-
tional to the number of red stars. For example, the
presence of five or more stars in the old regime,
indicating sustained strong growth, implies that
the new regime will last four orbits or more (see
Fig. 5 for the relationship between number of red
stars and the duration of the new regime).

After the RISE internship had been completed, and
the results presented at the RISE Research Sympo-
sium, Evans (supported by the School of Engineering)
and Peña carried out an objective verification of these
simple forecasting rules. Table 1 is the contingency
table for the categorical Rule 1 that forecasts the oc-
currence of a regime change during the following
orbit. Table 2 is the corresponding contingency table

FIG. 2. Schematic of the construction of bred vectors,
which are the difference between a perturbed and a
“control” (unperturbed) solution. Every few (in this
case, eight) steps, the difference, rescaled to the origi-
nal size and added to the control forecast, becomes the
initial condition for the perturbed forecast. The ratio
between the initial and the final size is the amplifica-
tion of the bred vector during that interval.

FIG. 3. The Lorenz “butterfly” attractor with bred-vec-
tor growth over eight steps. The table indicates the
range of the growth rate corresponding to each color.
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Figure 2. Growth rates along the x trajectory of (a) LV1, (b) LV2, (c) LV3, (d) ISV, (e) FSV (both
using an integration interval of 0.02 units), ( f ) the linear BV rescaled every 0.02 units using an
initial perturbation of 0.1, (g) ISV, (h) FSV (both using an integration interval of 0.24 units) and (i)
the nonlinear BV rescaled every 0.08 units using an initial perturbation of 1. In general fast growth
(decay in the case of LV3) signals a regime change.

The bred vectors are first computed using a perturbation of size 0.1 and an integration
window of 0.02 units. The small amplitude and short resizing interval provide an accurate
estimation of the linear evolution of the disturbances, and, as could be expected, these linear
BVs are most similar to the leading LV, with an average correlation (cosine between the two
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size 1 and a rescaling interval of 0.08 units. This provides an indication of the (somewhat)
nonlinear evolution of the disturbances without the perturbations being overwhelmed by the
nonlinearity. Hence the first set of BVs is referred to as linear BVs while the second set is
referred to as nonlinear BVs.

LV1, LV2, the SVs and the BVs use the same colors to indicate their relative growth
rate thresholds used for predicting regime change (e.g. a large growth rate is indicated by red
stars; decay is indicated by blue stars) since the behavior of their growth rates are comparable.
Notice the values for the growth rates vary, with the SVs having a slightly larger growth rate
than the BVs and first two LVs. LV3 is a strongly decaying vector, so the opposite colors
are used to indicate the intensity of the decay (e.g. slow decay is shown with blue diamonds;
fast decay is indicated by red diamonds). Figure 2 demonstrates fast growth for LV1, the SVs
and BVs indicates a regime change will take place after the present orbit is completed. In
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RISE     UNDERGRADUATES FIND THAT REGIME
CHANGES IN LORENZ’S MODEL ARE PREDICTABLE
BY ERIN EVANS, NADIA BHATTI, JACKI KINNEY, LISA PANN, MALAQUIAS

PEÑA, SHU-CHIH YANG, EUGENIA KALNAY, AND JAMES HANSEN

Note from the BAMS editors: This article was origi-
nally reviewed and submitted to BAMS before the stu-
dent section editorial board was formed, but is included
here as an outstanding example of educational oppor-
tunities now available to undergraduates.

he summer of 2002 marked the beginning of the
Research Internships in Science and Engineering
(RISE) program. Funded by the National Science

Foundation (NSF), the A. James Clark School of En-
gineering, and the University of Maryland, and co-
ordinated by the Women in Engineering Program,
RISE worked to build an extensive network of women
faculty, science and engineering research profession-
als, graduate students, and undergraduates at all lev-

els. The program built this network through an
8-week summer research experience for “rising” jun-
ior and senior undergraduates. The goal was to en-
courage all participants to remain in the fields of sci-
ence and engineering and to pursue graduate degrees
in these fields.

By engaging 20 undergraduate junior and senior
RISE scholars in team-based research projects coor-
dinated by female faculty, the program introduced
female students to women mentors and role models
while providing high-quality opportunities to en-
hance their research knowledge and skills. RISE
scholars were equipped with advanced training in
team skills, interpersonal communication, and
project management. They were also able to become
a part of the hierarchy of female mentorship by in-
teracting with a group of incoming freshmen stu-
dents. By sharing their experience as students in sci-
ence and engineering and as RISE scholars, they
became role models to the younger students. The
summer’s concluding event was the RISE Research
Symposium, where research teams gave oral presen-
tations of the results of their research, as well as a
poster exhibit documenting their research activities
and results. Coordinating faculty and representatives
from the A. James Clark School of Engineering and
the College of Mathematics and Physical Sciences, as
well as staff from the NSF, were among those attend-
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Extended	Kalman	Filter	(tangent	linear):	In	general	EKE	works	well	where	advec<ve		
nonlinearity	does	not	combine	with	strong	instability.	However	as	we	saw	earlier,	for	the	
L63	model	bimodality	is	directly	linked	to	the	exponen<al	instability	of	solu<ons	

Generalised	extended	Kalman	Filter	(approxima<ons	to	the	third	and	fourth	moment)	

This	works	because	it	increases	the	Kalman	gain	just	prior	to	or	at	the	transi<on.	
	
Thin	line	is	reference	solu)on	and	crosses	indicate	observa)ons.	
Thick	line	is	the	es)mate	of	the	X	variable	from	the	EKE.	

Weigh<ng	of	observa<ons	is	small	as	long	as	es<mate	
of	state	vector	remains	close	to	a	convec<ve	state.	
Es<mated	state	vector	must	pass	through	a	region	of	
strong	instability	(a	saddle	point)	if	significant	
correc<ons	are	to	be	made.	
	
As	for	the	double	well	K>1/2	to	track	transi<ons	i.e.	
es<mated	forecast	error	covariance	must	be	roughly	
equal	to	the	observa<on	error	variance.	This	is	very	
difficult	within	the	EKE	method.	How	to	increase	the	
gain	K?	

Inclusion	of	3rd	and	4th	moments	increases	the	gain	
sufficiently	prior	and	during	transi<ons	such	that	the	
es<mated	state	vector	doesn’t	driD	from	the	true	
solu<on		



“Climate	like”	models	revisited	
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0.3. THE BAROTROPIC VORTICITYMODEL AND ITS NUMERICAL DISCRETIZATION7

inherently unpredictable, or unresolved processes (e.g. see Frederiksen and
O’Kane (2008)) is accounted for by the weak and stochastic nature of the
forcing in this model. In the parameter regime we consider, the e↵ect of the
stochastic forcing when the model is in one of the zonal or dipolar regimes
itself is minimal. However, the model displays no regime transitions in the
absence of stochastic forcing, and this is consistent with the mechanism of
LN13 described previously. Consequently, the occasional, large (nonlinear)
response of the system (regime shifts) to weak stochastic forcing, and which
response is unrelated to matching a natural frequency of the system suggests
a form of stochastic resonance (Benzi et al. (1982), or e.g., see Williams et al.
(2003))—a constructive concurrence of nonlinearity and noise—in setting up
the regime transitions. In this model, the underlying quasi-stable states es-
sential to such a mechanism are more dynamical than say the quasi-steady
states of the Kuroshio system. That is, whereas in the Kuroshio context, the
quasi-steady states are determined by specified topography, in the present
model the quasi-steady states are those anticipated by statistical mechanical
theories for the large scales of the system (e.g., the Robert-Sommeria-Miller
theory Chavanis and Sommeria (1996)). Further, the di↵erence in the na-
ture of the quasi-steady states is reflected (and captured) by di↵erences in
the vorticity-streamfunction relationship and di↵erences in the kurtosis of
the vorticity distribution itself.

0.3 The barotropic vorticity model and its numer-

ical discretization

We consider the stochastically forced barotropic vorticity equation on the
f-plane:

D!

Dt

=
@!

@t

+ u ·r! = F +D (1)

on a horizontal rectangular domain 2⇡� ⇥ 2⇡/� with an aspect ratio �

2.
Here, ! is the vertical vorticity given in terms of streamfunction  by
! = r2

 , u is velocity given by u = e
z

⇥ r , F is forcing and D is
dissipation. Dissipation consists of linear damping: �↵!, where ↵ is a
frictional constant; and a small-scale dissipation term that is a sink of the
net-forward cascading enstrophy. The small scale dissipation is implemented
as a high pass filter of the vorticity field with a characteristic wavenumber
k

d

(⇡ 0.61k
max

, where k

max

is the maximum wavenumber of the simula-
tion). Forcing F is scaled as F =

p
2↵F̃ , where F̃ is an isotropic stochastic

forcing in a small band of wavenumbers 2  k
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< 3 drawn from independent
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unit variance Gaussian distributions and which is temporally uncorrelated:D
F̃k(t)F̃k0(t0)

E
= �kk0(t � t

0). (A wide variety of other spectral forcings

considered produced similar dipolar-zonal transitions.) If energy predomi-
nantly resides in the large scales, then energy is mainly dissipated by linear
damping. In that case, the chosen scaling of forcing and linear damping
terms renders the long-time average of energy in a statistical stationary state
unity. Under these circumstances, the nondimensional time is measured in
terms of eddy turnover times where an eddy turnover time is L

ref

/U

ref

and
given a dimensional setup L

ref

is such that the nondimensional domain size
is 2⇡ ⇥ 2⇡� and U

ref

is such that the nondimensional energy is on aver-
age unity. A fully-dealiased pseudo spectral spatial discretization, with a
128x128 physical grid, is used in conjunction with an adaptive fourth or-
der Runge-Kutta time stepping scheme. The tendency of energy to cascade
to larger scales obviates the need for increased resolution; this was verified
using companion higher-resolution simulations. In order to observe regime
transitions, the time evolution of higher order moments of vorticity need to
be adequately represented, necessitating time steps that are O(100) times
smaller than required for stability.

In all simulations considered further, � is fixed at 0.91. Simulations were
considered for a number of values of ↵ in the range 10�4 � 10�3. However,
results are presented for the representative case of ↵ = 2⇥10�4. In particular
each simulation for that value of ↵ was also repeated with ↵ = 4⇥10�4 and
the results were qualitatively unchanged.

0.4 Low-frequency variability and regime transi-

tions

In the simulations considered, ↵ variations in the range 10�4 to 10�3 lead to
dissipation timescales of the order of 103 eddy turnover times, and an energy
input rate due to forcing that is O(103) times smaller than the nonlinear
flux of energy in the system. In this sense, forcing and dissipation are both
weak compared to nonlinearity in the dynamics of the model. Alternatively,
the weakness of the linear damping results in a damping scale for energy
that is larger than the size of the domain, allowing for energy to condense
on to the largest scales (e.g., see Smith and Yakhot (1993)). Furthermore,
in this regime, the model displays behavior that is somewhat analogous to
a subcritical pitchfork bifurcation in the presence of noise (Bouchet and
Simonnet (2009)). That is, under the influence of weak random forcing, the
model switches randomly and abruptly between zonal and dipolar states, as
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The statistical dynamical Kalman filter

Motivation: SNS equation regime transitions

(Nadiga & O’Kane 2011)

Figure: a) One dimensional energy spectra. Dark blue: Averaged spectrum when flow is in zonal
state. Orange: Averaged spectrum when flow is in dipolar state. Light line: Reference k�3 slope.
b) Top: Zonal (i) to dipolar (ii) transition. Bottom: Dipolar (iii) to zonal (iv) transition.

The statistical dynamical Kalman filter

Figure: a) Energy in zonal wavenumber 1 versus eddy-turnover time. A transition from low energy
(zonal) to high energy (dipolar) state occurs roughly between times 1500 and 2500 with a
subsequent incomplete transition from the dipolar to a zonal state and back over a period of about
2000 time units. b) Error of control (solid line) vs. error of ensemble-forecast (symbols) at (lead
time of) 200 eddy turnover times. The zonal-dipolar transition period and the subsequent
vacillation period (between times 1500 and 4500) is marked by a loss of skill in the control
forecast. c) Kurtosis of the bred vectors; inset: scatter plot of kurtosis against skewness. d) i:
Truth; ii: Control forecast; iii: Ensemble-average of perturbed forecast iv: Bred vector averages v:
Control forecast error; vi: Ensemble forecast error.

Kurtosis	of	the	bred	vectors:	
(inset)	scamer	plot	of	kurtosis	against		
skewness	

Energy	in	zonal	wavenumber	1		
Versus	eddy	turnover	<me	

Stochas<cally	forced	transi<ons	where	there	is	no	source	of	background	gradient	of	
poten<al	vor<city		



0.6. PREDICTABILITY IN ZONAL AND DIPOLAR REGIMES 11

Figure 5: RMS error as a function of time between times 12000 and 20000.
Error of the data assimilating run is shown in cyan, error of the control
forecast in blue, error of the bred vector ensemble-mean in red and error of
the best forecast member in green. When the system is in the zonal regime,
as between times 15000 and 18000 approximately, error is seen to be smaller
than when the system is in the dipolar regime.

are added and the full nonlinear governing equations are used. The ampli-
tude rescaling time is chosen to be a characteristic eddy turnover time. As
discussed further later, when longer rescaling time periods are chosen, the
growth of perturbations leads to nonlinearities being significant. In such
cases, the behavior of the perturbations is qualitatively similar to those of
finite amplitude bred vector perturbations.

0.6 Predictability in Zonal and Dipolar Regimes

In order to examine the predictability of the model we first generate a truth
trajectory which is simply a long run of the model over at least one regime

Data	assimila<on	&	ensemble	predic<on	

Nadiga	&	O’Kane	(2016)	Nonlinear	&	Stochas<c	climate	dynamics	
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Figure 8: Schematic of the error-spread relationship realized in the Lyapunov
vector ensemble. Reduction in error in both zonal and dipolar regimes is
small. In the dipolar regime, even though the reduction in error is small and
the error itself large, there is only a marginal increase in ensemble spread
over that in the zonal regime.

0.7. ENSEMBLE BEHAVIOR IN TERMS OF ERROR AND SPREAD17

Figure 9: Schematic of the error-spread relationship realized in the Bred
vector ensemble. A larger reduction in error, as compared to the LV ensem-
ble, is seen in both regimes. The larger spread of the ensemble members
in the dipolar regime as compared to the zonal regime identifies lower pre-
dictability in the dipolar regime.2 CONTENTS

We consider perturbations that are embedded onto the system’s chaotic
attractor under the full nonlinear dynamics as bred vectors—nonlinear gen-
eralizations of the leading (backward) Lyapunov vector. We find that ensem-
ble predictions that use bred vector perturbations are more robust in terms
of error-spread relationship than those that use Lyapunov vector perturba-
tions. In particular, when bred vector perturbations are used in conjunction
with a simple data assimilation scheme (nudging to truth) that estimates the
current state of the system, we find that at least some of the evolved pertur-
bations align to identify low-dimensional subspaces associated with regions
of large forecast error in the control (unperturbed, data-assimilating) run;
this happens less often in ensemble predictions that use Lyapunov vector
perturbations. Nevertheless, in the inertial regime we consider, we find that
(a) the system is more predictable when it is in the zonal regime, and that
(b) the horizon of predictability is far too short compared to characteristic
time scales associated with processes that lead to regime transitions, thus
precluding the possibility of predicting such transitions.

0.2 Introduction

The phenomenon of blocking—large-scale patterns in the atmospheric pres-
sure field that are nearly stationary—in the extra-tropical winter atmosphere
(e.g., Charney and DeVore, 1979) is one of the best studied cases of regime
transitions that occur in the weather and climate systems. Other such phe-
nomena include bimodality of the Kuroshio extension system (Qiu and Miao,
2000) wherein beta and topographic e↵ects lead to two preferred meander
patterns for the Kuroshio current south of Japan and Dansgaard-Oeschger
(D-O) events (e.g., Dansgaard et al., 1989)—25 events during the last glacial
period that involved rapid warming followed by gradual cooling with a re-
currence time of about 1500 years.

Clearly regime transitions can occur due to a variety of reasons. For
example, for atmospheric blocks, quasi-stationary Rossby wave trains and
synoptic-scale transient eddies are recognized as playing a role (e.g., see
Nakamura et al., 1997, and references therein), whereas beta and topo-
graphic e↵ects are seen to be important in the bi-modality of the Kuroshio
current. (Causes of D-O events are less clear.) In the context of atmo-
spheric blocking, Charney and DeVore (1979) proposed a multiple equilibria
hypothesis whereby the atmosphere possesses multiple stable steady states
corresponding to observed multiple weather regimes. The setting in this
study and numerous others that followed consisted of a barotropic model
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Figure 11: Kurtosis of BV perturbation as a function of rescaling amplitude.
A pitchfork bifurcation is seen to occur when the rescaling amplitude is
about 0.12.

22 CONTENTS

Figure 13: Forecast error (left) and ensemble spread (right) averaged over
the forecast period as a function of time. In this series of four experiments,
the amplitude of the perturbation vectors are rescaled at 1, 2, 4, and 8 eddy
turnover times and the amplitude to which the perturbations are rescaled is
large (0.2 times the initial base enstrophy). In this case of finite amplitude
bred vector perturbations, the dependence of forecast error and ensemble
spread on rescaling time is seen to be very weak.

we have considered energy and enstrophy norms of the BV and LV pertur-
bations. Presently, we consider kurtosis of the perturbations. Kurtosis is
defined in the usual fashion as the deviation from a Gaussian distribution
of the fourth moment of the spatial distribution of vorticity perturbation.
Figure 11 shows the kurtosis of the bred vector perturbations for a range of
rescaling amplitudes, and a pitchfork bifurcation is seen to occur when the
perturbation amplitude is about 0.12. At this bifurcation, a branch with
high kurtosis comes into existence. Further analysis of this branch suggests
that it corresponds to a family of instability that involves a localized dis-
tortion of the most cyclonic or anticyclonic regions of the flow. Control
vorticity fields and the sum of control field and representative low and high
kurtosis bred vectors when the system is in the dipolar regime (top row)
and zonal regime (bottom row) are shown in Fig. 12.

0.8.1 Dependence of error and spread on perturbation rescal-

ing period

In Fig. 11, we saw how di↵erent kinds of instabilities are captured depending
on the rescaling amplitude of the BVs. Likewise, it is possible that di↵erent
growing modes of the system are captured depending on the rescaling period
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Figure 12: Low and high kurtosis bred vectors in the dipolar state (top) and
zonal state (bottom)
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The statistical dynamical Kalman filter

BV equation

2-D Navier-Stokes equation in vorticity

The evolution equation for two-dimensional motion of the small scales over
topography on a generalized ��plane is described by the vorticity equation

@⇣

@t
= �J( � Uy, ⇣ + h+ �y + k20Uy) + ⌫̂O2⇣ + f0 (1a)

where ⇣ is the vorticity and the full streamfunction  is given by  � Uy, with U a
large-scale east-west flow and where  represents the small scales. Here f0 is the
forcing, ⌫̂ the viscosity,

J( , ⇣) =
@ 

@x

@⇣

@y
�
@ 

@y

@⇣

@x
(1b)

is the Jacobian and k0 is a wave number that specifies the strength of the large-scale
vorticity corresponding to the solid body rotation vorticity on a sphere. The vorticity is
the Laplacian of the streamfunction: ⇣ = 52 . h is the scaled topography. We can
also either replace or add to the forcing a Newtonian relaxation term (⇣obs � ⇣)
where  may be the Rayleigh damping and ⇣obs could be linearly interpolated
observed analysis fields.
The form-drag equation for the large-scale flow U is the same as on the standard
��plane. With the inclusion of relaxation toward the state U it takes the form

@U

@t
=

1

S

Z

S
h
@ 

@x
dS + ↵(U � U). (2)

Here, ↵ is a drag coe�cient and S is the area of the surface 0  x  2⇡, 0  y  2⇡.
In the absence of forcing and dissipation, Eqs. (1) & (2) together conserve kinetic
energy and potential enstrophy.

(4)	

(5)	

(6)	

(6)	(4)	
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4. Relationships between physical space and spectral space

For an ensemble of direct numerical simulations the vorticity can be expressed in terms of the mean
and fluctuating components: ⇣(t) = h⇣(t)i +

ˆ⇣(t) where ⇣ is a vector with elements ⇣(xi, t) in physical
space or ⇣

k

(t) in spectral space respectively. The barotropic vorticity equation can be viewed as per-
forming the transformation ⇣(t) ! ⇣(t+ M t). In terms of the means and transients we then have the
mappings

h⇣(t)i ! h⇣(t+ M t)i (11a)

C(t, t0) ! C(t+ M t, t0+ M t) (11b)

where the error covariance matrix C(t, t0) = hˆ⇣(t)ˆ⇣T
(t0)i. Here T denotes transpose for real fields and

Hermitian conjugate for complex fields.
The QDIA closure equations again perform the transformations in Eq. (11). This may be seen by

employing Eq. (3) for calculating the physical space vorticity from its spectral components and by
calculating the elements of the physical space covariance matrix through:

C(x, t;y, t0) ⌘ hˆ⇣(x, t)ˆ⇣(y, t0)i =

X

k

X

l

C
k,�l

(t, t0) exp(i(k · x� l · y)), (12a)

C
k,�l

(t, t0) ⌘ hˆ⇣
k

(t)ˆ⇣�l

(t0)i =

1

(2⇡)

4

Z 2⇡

0

d2x

Z 2⇡

0

d2yC(x, t;y, t0) exp(�i(k · x� l · y)). (12b)

For the QDIA equations, in common with all statistical equations, there is no sampling error in the
transformations given by Eq. (11a) and Eq. (11b). In contrast, for ensemble averaged direct numeri-
cal simulations (DNS) of the barotropic vorticity equation, the estimation of the mean and covariances
depend on the number of realizations used in the ensemble.

5. Kalman filters

A standard derivation of the matrix Kalman filter equations can be found in section 5.4 of Brown
(1983) [9]. These equations may also be derived simply by using Bayes’ theorem (Lorenc (1986) [53]).
The Kalman filter theory (Kalman (1960) [44]) implicitly assumes that both the observations and priori
(forecast) distributions, based on the background state, are Gaussianly distributed. The posteriori distri-
bution for the analysis is then derived based on the products of these two Gaussians and yields simply
the Kalman filter equations (Lorenc (1986) [53], Anderson (2001) [1]). In the standard Kalman filter
theory it is also assumed that the background or forecast field variable ⇣(x, t) satisfies a linear equation.

The extended Kalman filter (Ghil et al. (1981) [38], Evensen (1992) [20]) (EKF) is formulated entirely
in terms of covariances and completely neglects higher order moments. This approach may be considered
to be a method of successive linearizations about the evolving nonlinear trajectory; it is a tangent linear
approximation for calculating Cf

(x, t;y, t). In practice, a tangent linear model is used to transform a
perturbation ˆ⇣(x, t) at some initial time t to a final perturbation ˆ⇣(x, t+ M t) at time t+ M t (Kalnay
(2003) [45]). Linearizing about the nonlinear model trajectory will however be inaccurate whenever the
perturbations are large. EKF data assimilation studies using the shallow water equations (Budgell (1986)
[10]) with applications to oceanographic problems have enjoyed some success.

(7a)	
(7b)	

(9a)	
	
(9b)	

(7
)	
(7)	



The statistical dynamical Kalman filter

Spectral Kalman filter variants

Spectral Kalman filters

If we formulate the Kalman filter equations directly in terms of the spectral amplitudes
of the forecast model then the spectral space analysis can be determined by

⇣a = ⇣f +K(dobs grid �H⇣f ) (6a)

where ⇣ has spectral components ⇣
k

and table A describes the factorization of the
observational operator which transforms from analysis to pseudo-observations. One
can also write the equation for the analysis in the form

⇣a = ⇣f +K0

(d�H0⇣f ) (6b)

where d has spectral components d
k

.

K = K0K1K2 H = H2H1

K0
scaling H0

= K1K2H2H1

K1
grid to spectral H1

inverse spectral to grid

K2
obs to model grid H2

model to obs grid

d = K1K2dobs grid D = hd,di

Table: Description of the forward and backward transformation matrices and vectors.
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6. Ensemble data assimilation strategies

In general, calculation of the full error covariance matrix represents an intractable problem for data
assimilation based on DNS. In ensemble methods often the number of variables is very much larger
than the number of available ensemble members resulting in sampling errors in the estimation of the
background error covariance matrix. In particular inadequately sampled ensemble averaged DNS often
results in covariance matrices that have poorly resolved and under-estimated error covariances. Sam-
pling errors can manifest themselves as spurious long range correlations requiring some form of spatial
localization. In the horizontal plane localization is usually accomplished through the introduction of a
correlation cut-off factor of the order of several thousand kilometers beyond which the correlations are
zero (Houtekamer & Mitchell (1998) [43]). Studies using covariance localization have been demon-
strated to lead to more homogeneous background error covariances (Gaspari & Cohn (1999) [37]). As
well as localization a covariance inflation factor (Anderson (2001) [1], Bowler (2006) [7]) is often ap-
plied to the analysis perturbations to not only ensure that perturbations have the correct spread at the
next time step but to address problems such as filter divergence.

Alternative strategies may involve various other approximations, rather than applying the full matrix
Kalman filter methodology in which matrix size depends on the dimension of the state vector. One
approach that we shall discuss in some detail involves Kalman gains that are homogeneous, and generally
anisotropic, when acting on the mean fields and error fields. In spectral space this means that the Kalman
gains are diagonal when acting on the spectral coefficients of the mean field but that the covariances
“see” products of gains at different wavenumbers. More restrictive assumptions may also be considered
such as approximate homogeneity of covariance matrices (Parish & Derber (1992) [64], Courtier et al.
(1998) [15], Buehner (2005) [11]). Vidard et al. (2003) [77] discuss a variational data assimilation
method involving the determination of optimal nudging coefficients (ON) that is shown to be closely
related to the Kalman filter. In particular they compare the performance of the assimilation when their
nudging operator is a full 4D-ON matrix, when it is ”pseudo-diagonal” (correction coefficient varies over
observation locations) and when it is a constant coefficient over all spatial points at a given time. They
find that the results for the diagonal and scalar coefficient nudging parameters are better than for the full
4D-ON even though the latter is more than 60 times more expensive than the scalar case (see also Zou
et al. (1982) [81]). Vidard et al. (2003) [77] also note that both the pseudo-diagonal matrix and scalar
coefficients give about the same results.

From section 5, and Appendix A following Parish & Derber (1992) [64], we have the full Kalman
filter equations in both physical and spectral space. In general we now have four choices

1. Full Kalman filter equations in physical space with N ⇥ N , M ⇥ N , N ⇥M , M ⇥M matrices.
N refers to the number of variables in grid point space and hence determines the dimensions of
the background error covariance matrices. Similarly M refers to the number of observations and
hence the dimensions of the innovation. For an ensemble the number of perturbations is an added
consideration.

2. The Kalman filter equations of Appendix A with K⇥K matrices in spectral space where K refers
to the number of interacting wavenumbers in spectral space.
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3. Spectral Kalman filter equations with diagonal Kalman gain K
k

and diagonal observation operator
H

k

(as described in Appendix A and Eqs. (18) through (21).

4. If H
k

are nonzero then we may also have spectral equations in terms of E = hˆeˆeT i = H0�1DH0�1

where e = H0�1d and K
k

(t) ) KH
k

(t) = K
k

(t)H
k

(t).

Here we consider choices 3 & 4. Choices 1 & 2 would present difficulties for both the ensemble and
square root filters in terms of sampling errors. As in many previous studies (Anderson (2001) [1],
Whitaker & Hamill (2002) [80], Bengtsson et al. (2003) [5], Kalnay (2007) [46]), we assume for sim-
plicity that H

k

is unity; however, our results would equally apply to other specifications of H
k

such as
being homogeneous or invertible. In Appendix A we derive the full Kalman filter equations in spectral
space (following Parish & Derber (1992) [64]).

Our method of implementing the Kalman gain uses a homogeneous but anisotropic spectral gain to
act on the mean field and error fields. Our approach generalizes the SSI method of Parish & Derber
(1992) [64] and Buehner (2005) [11] to flow dependent perturbations.

6.1. Ensemble Kalman filter

In our approach we use a prescribed observational error with perturbations ˆdi
k

as well as analysis and
forecast fields defined by: di

k

= hd
k

i +

ˆdi

k

, ⇣f
i

k

= h⇣f
k

i +

ˆ⇣f
i

k

, ⇣a
i

k

= h⇣a
k

i +

ˆ⇣a
i

k

where i = 1, . . . , N runs
over the ensemble. Throughout the following discussion we will simply assume that the perturbation
field denotedˆruns over the entire ensemble i.e. ˆ⇣ i will be assumed. Given the background vorticity field
the equation for the analysis at time t is again in terms of a linear interpolation between observations and
predictions scaled by the Kalman gain K. d

k

are taken from a nudged integration of a barotropic model
but could in general represent the Fourier transform, Eq. (3), of observed fields ⇣obs.

Data assimilation using a Kalman filter methodology estimates the mean analysis field based on the
mean forecast and observations as

⇣a
k

= ⇣f
k

+ K
k

(d
k

�H
k

⇣f
k

), (18a)

h⇣a
k

i = h⇣f
k

i+ K
k

(hd
k

i �H
k

h⇣f
k

i), (18b)
ˆ⇣a
k

=

ˆ⇣f
k

+ K
k

(

ˆd
k

�H
k

ˆ⇣f
k

). (18c)

Here, K
k

and H
k

are the spectral diagonal elements of K0 and H0 defined in Appendix A. The prior
field ⇣f

k

satisfies Eq. (4) in which we may include a model error through f 0
k

= hf 0
k

i +

ˆf 0
k

where ˆf 0
k

is
generally taken to be white. As well the analysis covariance is modeled by

Ca
k

(t, t) = (1�K
k

H
k

)Cf
k

(t, t) (19)

where C
k

= C
k,�k

and the spectral Kalman gain is defined as

K
k

(t) = Cf
k

(t, t)H⇤
k

(t)(H
k

(t)Cf
k

(t, t)H⇤
k

(t) + D
k

(t, t))�1. (20)

Eq. (18) implies that updating the perturbation field corresponds to covariance matrices given by

Ca
k,�l

(t, t) = hˆ⇣a
k

(t)ˆ⇣a
�l

(t)i = (1�K
k

(t)H
k

(t))Cf
k,�l

(t, t)(1�K�l

(t)H�l

(t))

+K
k

(t)D
k,�l

(t, t)K�l

(t). (21)
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find that the results for the diagonal and scalar coefficient nudging parameters are better than for the full
4D-ON even though the latter is more than 60 times more expensive than the scalar case (see also Zou
et al. (1982) [81]). Vidard et al. (2003) [77] also note that both the pseudo-diagonal matrix and scalar
coefficients give about the same results.

From section 5, and Appendix A following Parish & Derber (1992) [64], we have the full Kalman
filter equations in both physical and spectral space. In general we now have four choices

1. Full Kalman filter equations in physical space with N ⇥ N , M ⇥ N , N ⇥M , M ⇥M matrices.
N refers to the number of variables in grid point space and hence determines the dimensions of
the background error covariance matrices. Similarly M refers to the number of observations and
hence the dimensions of the innovation. For an ensemble the number of perturbations is an added
consideration.

2. The Kalman filter equations of Appendix A with K⇥K matrices in spectral space where K refers
to the number of interacting wavenumbers in spectral space.
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Spectral Kalman filter variants

Consider a prescribed observational error with perturbations ˆdi
k

as well as analysis and

forecast fields defined by: di
k

= hd
k

i+ ˆdi
k

, ⇣fi
k

= h⇣f
k

i+ ˆ⇣
fi
k

, ⇣ai
k

= h⇣a
k

i+ ˆ⇣
ai
k

where
i = 1, . . . , N runs over the ensemble.
Data assimilation using a Kalman filter methodology estimates the mean analysis field
based on the mean forecast and observations as

⇣a
k

= ⇣f
k

+K
k

(d
k

�H
k

⇣f
k

), (7a)

h⇣a
k

i = h⇣f
k

i+K
k

(hd
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i �H
k

h⇣f
k

i), (7b)

ˆ⇣a
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=

ˆ⇣f
k

+K
k

(

ˆd
k

�H
k

ˆ⇣f
k

). (7c)

Here, K
k

and H
k

are the spectral diagonal elements of K0 and H0 defined earlier.
The prior field ⇣f

k

satisfies the BV eqn. and we may include a model error through

f0
k

= hf0
k

i+ ˆf0
k

where ˆf0
k

is generally taken to be white. As well the analysis
covariance is modeled by

Ca
k

(t, t) = (1�K
k

H
k

)Cf
k

(t, t) (8)

where C
k

= C
k,�k

and the spectral Kalman gain is defined as

K
k

(t) = Cf
k

(t, t)H⇤
k

(t)(H
k

(t)Cf
k

(t, t)H⇤
k

(t) +D
k

(t, t))�1. (9)

(10a)	
(10b)	
(10c)	

(11)	
	
	
(12)	
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Spectral Kalman filter variants

Eq. (7) implies that updating the perturbation field corresponds to covariance
matrices given by

Ca
k,�l

(t, t) = hˆ⇣a
k

(t)ˆ⇣a�l

(t)i

= (1�K
k

(t)H
k

(t))Cf
k,�l

(t, t)(1�K�l

(t)H�l

(t))

+K
k

(t)D
k,�l

(t, t)K�l

(t). (10)

The EnKF implements Eqs. (7) & (9) whereas Eqs. (8) & (10) follow by consistency.

NOTE: Rather than localise the Kalman gain as is often done in grid point space, we are 
approximating it as diagonal in spectral space which is consistent with a lowest order 
multivariate normal or quasi-diagonal approximation.  
 
This results in a rescaling of the full off-diagonal background error covariance matrix while 
preserving all interactions in wavenumber space both local and non-local. 
 
This approach is in the spirit of bred perturbations (nonlinear generalizations of Lyapunov 
vectors) that we saw earlier. 

(10)	

(10)	&	(12)	

(13)	

(11)	&	(13)	
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Ensemble square root filter

The ensemble square root filter

The analysis mean field equation is as for the EnKF, Eq. (7), while the analysis error
field is given by

ˆ⇣a
k

= (1� ˜K
k

H
k

)

ˆ⇣f
k

. (20)

Our approach seeks to define a homogeneous ˜K for which the diagonal analysis
covariance components satisfy
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H
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The solutions are
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(22)

or ˜K
k

H
k

= 1⌥
p
1�K

k

H
k

. Thus from Eq. (20) & (22), we have

ˆ⇣a
k

= ±
p

1�K
k

H
k

ˆ⇣f
k

(23)

where K
k

is again given by Eq. (9).

(10)	

(14)	

(15)	

(16)	

(17)	

(15)	&	(16)	

(12)	
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Ensemble square root filter

In order that 0  ˜K  1 in Eq. (22) we choose the positive branch in Eq. (23). The
full analysis error covariance matrix elements are, by construction from Eq. (20),

Ca
k,�l

(t, t) = hˆ⇣a
k

(t)ˆ⇣a�l

(t)i =
p

(1�K
k

H
k

)Cf
k,�l

(t, t)
q

(1�K�l

H�l

) (24)

and can be obtained by taking the ensemble average over the perturbation fields.

(16)	 (17)	
(14)	

(18)	
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In order that 0  ˜K  1 in Eq. (24) we choose the positive branch in Eq. (25). The full analysis error
covariance matrix elements are, by construction from Eq. (22),

Ca
k,�l

(t, t) = hˆ⇣a
k

(t)ˆ⇣a
�l

(t)i =

p
(1�K

k

H
k

)Cf
k,�l

(t, t)
p

(1�K�l

H�l

) (26)

and can be obtained by taking the ensemble average over the perturbation fields. Eq. (18b) & Eq. (25),
leading to Eqs. (23) & (26), define our spectral square root filter (EnSF). The EnSF explicitly implements
Eqs. (18b) & (25) while Eqs. (23) & (26) follow implicitly. Again, from Eq. (25) for the error fields we
can also construct the equations for the higher order cumulants of analysis error.

6.3. Statistical dynamical Kalman Filter

The statistical dynamical Kalman filter (SDKF), which is used for the closure based assimilation
method, is analogous to the EnKF. However the SDKF implements
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where the prognostic equations for the statistics h⇣
k

i, C
k

, C
k,�l

and hˆ⇣
k

ˆ⇣�l

ˆ⇣
l�k

i are given in Section 3
and in Appendix C.

In our numerical experiments we choose our initial C
k,�l

(t0, t0) to be isotropic; it subsequently
evolves to an inhomogeneous C

k,�l

(t, t0) and take Ca
(t, t0) = Cf

(t, t0) for t 6= t0. Higher order cu-
mulants or non-Gaussian contributions are included through Eq. (59) of Appendix C. In our numeri-
cal experiments we also employ the common assumption that the statistics of ˆd

k

are Gaussian, so that
h ˆd

k

(t) ˆd�l

(t) ˆd(l�k)(t)i = 0; as well we set D
k,�l

= 0 for l 6= k.
To reiterate Eqs. (8a), (9), (10), (54), (59), the response function Eqs. (57), (58) and the Kalman

filter Eqs. (27) constitute the SDKF. The SDKF includes specific terms for the full background error
covariance matrix and non-Gaussian three-point cumulant terms. We note from Eq. (27) that while the
mean field and diagonal covariance are scaled by the diagonal Kalman gain, the off-diagonal covariance
is scaled by products of two gain terms at different wavenumbers. In turn the three-point function is
scaled by three gain terms at different wavenumbers. In these respects the form of the SDKF is similar
to the EnKF and EnSF.

7. Entropy measures

The Shannon entropy has the general expression

S = �hln P (x)i = �
Z

dxP (x) ln P (x) (28)

in terms of the probability distribution function P (x). If P (x) is multivariate Gaussian with covariance
C then up to an arbitrary constant

S =

1

2

ln detC. (29)

Rela<onship	between	diagonal	dominance	and	entropy	
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The Shannon entropy reduction when the information content is increased due to new observations in
the assimilation is

S�
= Sf � Sa

=

1

2

ln detCf � 1

2

ln detCa. (30)

If Cf and Ca are diagonally dominant in spectral space we have
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2

X

k

ln Ca
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. (32)

This is also the expression we obtain if we base our analysis on the statistical mechanical equilibrium
expression of the entropy i.e. S =

1
2

P
k

ln C
k

, applied out of strict statistical mechanical equilibrium
(Frederiksen & Bell (1983, 1984) [29, 30], Frederiksen & O’Kane (2008) [34]).

Now from Eq. (19)
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(35)

for small K
k

H
k

, on using a Taylor expansion. We may then define the entropy reduction spectrum

S�
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) (36a)

⇡ 1

2

K
k
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(36b)

so that

S�
=

X

k

S�
k

. (37)

Thus the behavior of K
k

relates directly to the entropy reduction through the relations in Eq. (36).

8. Diagnostics

The main diagnostics used in this study are the zonally averaged kinetic energy as well as the palin-
strophy production measure. Palinstrophy is a measure of a higher order than enstrophy hence it empha-
sizes the smaller scales more. In the absence of mean flows and topography the palinstrophy production
measure PM reduces to an estimation of the skewness and is a common diagnostic in statistical turbu-
lence theory for the statistics of the small scales. In the current form PM also includes inhomogeneities
arising from the nonlinear interaction of the two-point cumulant and the mean field and topography.
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Prognos<c	equa<ons	for	higher	order	
terms	



We	now	require	prognos<c	equa<ons	for	the	higher	order	moments	and	
inhomogeneous	terms	involving	the	mean.	
	
Physically	we	want	to	know	about	interac<ons	between	the	mean	and	topography	
and	the	eddies	(transients).	
	
In	fact	we	deal	with	the	generic	problem	of	systems	with	quadra<c	nonlinearity	and	
strong	coupling.		
	
Such	methods	are	technically	difficult	but	allow	expansion	in	terms	of	the	complexity	
of	interac<ons	in	wavenumber	space.		
	
For	Taylor	expansions	combinatorial	divergences	can	occur	as	successively	more	
higher	order	terms	are	kept.	
	
Renormaliza<on	methods	are	required	to	remove	divergent	terms	and	regulariza<on	
to	include	the	localizing	effect	of	all	higher	order	moments.	
	
We	require	closed	expressions	for	the	higher	order	terms.		



Functional Forms 

€ 

Ck,− l (t, t ') ≈ Ck,− l
QDIA (t, t ') Ck,C− l ,Cl−k,Rk, ζk ,hk[ ]

Rk,− l (t, t ') ≈ Rk,− l
QDIA (t, t ') Ck,C− l ,Cl−k,Rk, ζk ,hk[ ]

ˆ ζ k (t) ˆ ζ − l (t) ˆ ζ (l−k )(t) ≈ ˆ ζ k (t) ˆ ζ − l (t) ˆ ζ ( l−k )(t)
DIA

Ck,C− l ,Cl−k,Rk[ ]

€ 

Rk (t, t ') ≡ Rk,k (t,t')

€ 

Rk,l (t,t') ≡ ˆ R k,l (t,t') =
δ ˆ ζ k (t)
δˆ f l

0(t ')

Response functions: change in vorticity perturbation due to an 
infinitesimal change in the forcing 

Renormalised perturbation theory: expand in terms of complexity of interactions. 
Turbulence closure: Solution in the “spirit” of the DIA. i.e. We want to express the  
second order correlations between coefficients at different wavevectors by  
correlations only at the same wavevector.  

The major homogeneous statistical turbulence closure theories (SCFT, 
LET, DIA) are differ only by the choice of application of the FDT 

Ck (t, t ') ≡ Rk (t, t ')Ck (t ', t ')

Ck (t, t ') ≡Ck,k (t, t ')



QDIA diagrammatic forms 



The statistical dynamical Kalman filter

SDKF

Statistical dynamical Kalman filter

The SDKF is analogous to the EnKF, however the SDKF implements
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which flow through the QDIA equations during integration of the time history
integrals automatically updating the o↵-diagonal covariance and three-point terms
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(t)ˆ⇣(l�k)(t)i. The o↵-diagonal covariances and three-point
cumulant terms in general are directly analyzed as follows
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Here the prognostic equations for the statistics h⇣
k

i, C
k

, C
k,�l

and hˆ⇣
k

ˆ⇣�l

ˆ⇣
l�k

i are
determined by the prognostic QDIA closure expressions.

Here the QDIA expressions are vertex and propagator renormalised expressions where the 
background covariance is approximated as a functional of spectral terms that include both direct 
and indirect interactions in wavenumber space and hence to all orders in the Kalman gain which in 
turn rescales the full forecast error covariance matrix.  

O’Kane	&	Frederiksen	(2008)	



Let	us	consider	an	atmospheric	regime	transi<on:	In	this	case	blocking	to	the	South	of	Victoria.	
	
Blocks	(contours)	are	persistent	coherent	highs	that	last	for	many	days	and	are	preceded	by	a	
loss	of	predictability	associated	with	increased	forecast	error	due	to	rapid	growth	of	local	
baroclinic	instabili<es	(shaded).		

T. J. O’Kane et al.
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waveguide. For the summer, state 1 baroclinic instabili-
ties are significant at 55°S between 100°E and 120°E just 
poleward of the large warm SAT ′ anomaly. From Fig. 20, 
we see that the wintertime circulation largely favours state 
2. The preferred wintertime state is characterised by warm 
SAT ′ anomalies to the south of Perth and to the southeast 
of Madagascar (Fig. 7). Upper level divergence (Fig. 7), 
strong baroclinic instabilities and the generation of Rossby 
waves (Fig. 6) are also evident at this location for the win-
ter. Prior to1980, there is a noticeable negative trend in 
the summertime state 1, which is reversed post 1980. The 
wintertime secular trend shows marked decadal variations 
of between 10 and 20 years, but no clearly discernible 

trend overall. The annual variations appear to be largely 
dominated by the wintertime circulation. On average states 
tended to persist for about 4–5 days although there were 
found a very few events that persist out to 20 days.

4.6.3  Indian sector

Secular trends in the Indian sector are characterised by 
significant decadal variations (Fig. 21). In particular, the 
transition seasons autumn and spring and the winter show 
a preference for state 2 post 1980 until the late 2000s. Both 
transitions seasons show that, prior to 1980, they were 
in state 1 for more than 50 % of the time. The summer 

autumn 1
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Is	noise	a	bad	thing?	
Consider	the	equa<on	for	the	perturba<on	analysis	
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expected. The square root filter performance is much improved as it is better able to capture the evolving
spectral gain resulting from the developing large scale flow instabilities. To understand the reason for
this we again need to consider the respective equations for the gains. These are

ˆ⇣a EnKF
k

= (1 � K
k

)

ˆ⇣f
k

+ K
k

ˆd
k

, (43a)

ˆ⇣a EnSF
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=

p
1 � K

k

ˆ⇣f
k

, (43b)

Ca SDKF
k

= (1 � K
k

)Cf
k

. (43c)

In Eq. (43a) there are competing contributions to the amplitude of the analysis field through the
rescaling (1 � K

k

)

ˆ⇣f
k

of the growing part and the term K
k

ˆd
k

which is stochastic. In Eqs. (43b) & (43c)
we essentially only have rescaling of the growing contributions to the analysis error. In Eqs. (43a) &
(43b) rescaling ˆ⇣f

k

transparently results in a rescaling of the constructed full background error covariance
matrix. By rescaling the background error variances in the manner of (43c) we are necessarily rescal-
ing the full off-diagonal background error covariance matrix as a consequence of it being a functional
of diagonal cumulant and response function matrices in the SDKF formalism. Importantly, assuming
Gaussian statistics, the effect of sampling error in the stochastic term of the EnKF Eq. (43a) will be
compounded by producing errors in D

k,�l

in the equation for the two-point cumulant Eq. (21), and also
result in a spurious three-point non-Gaussian observational error term h ˆd

k

ˆd�l

ˆd(l�k)i.
In the recent ensemble prediction study of O’Kane & Frederiksen (2008) [63] the palinstrophy pro-

duction measure was shown to be a very useful measure of the small scale differences between DNS and
closure simulations with different approximations for the higher order cumulants. In Figure 7 we com-
pare the evolution of PM

(t) for the SDKF with that for EnKF and EnSF. The growth of PM
(t) over the

assimilation period may be divided into two phases. The initial 12hr period corresponds to the growth of
off-diagonal covariances generated by flow inhomogeneities starting from isotropic initial error statistics.
The second period of nearly monotonic growth corresponds to the growth of small scale disturbances as
the European block decays. Interestingly it is the SDKF and EnKF models that seem most sensitive to
the 6 hourly data assimilation with the EnSF showing a much less sensitive small scale response at each
assimilation time. Closer examination shows that for the EnKF PM drops at each assimilation time and
then gradually increases over the subsequent 6 hour period before the process is repeated. This is due to
the sampling error in the Jacobian reducing the covariances and results in the systematic underestima-
tion of the small scale kinetic energy. The SDKF on the other hand undergoes an upward boost in PM at
each assimilation time and then relaxes over the interim period. The EnSF is very much smoother in its
response to data being assimilated, presumably because the posteriori perturbation has the same phase
as the prior, but closer inspection shows similarities with the SDKF filter response. It is also apparent
that compared to the EnSF model the EnKF systematically under predicts the palinstrophy production
measure over the first 2.5 days. However in the later period it is the EnSF that shows less growth in PM .

Our results are in agreement with Anderson (2001) [1] in that sampling error introduced through
the use of perturbed observations and small ensembles is a likely cause of the poor performance of the
EnKF compared with square root filters. Our results also suggest that improving the performance of the
traditional EnKF may be difficult to achieve in realistic models without tuning parameters.

stochas<c	

rescaling	

Stochas<c	term	will	introduce	errors	in	observa<on	covariances	D	and	higher	order	terms	
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In order that 0  ˜K  1 in Eq. (24) we choose the positive branch in Eq. (25). The full analysis error
covariance matrix elements are, by construction from Eq. (22),
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and can be obtained by taking the ensemble average over the perturbation fields. Eq. (18b) & Eq. (25),
leading to Eqs. (23) & (26), define our spectral square root filter (EnSF). The EnSF explicitly implements
Eqs. (18b) & (25) while Eqs. (23) & (26) follow implicitly. Again, from Eq. (25) for the error fields we
can also construct the equations for the higher order cumulants of analysis error.

6.3. Statistical dynamical Kalman Filter

The statistical dynamical Kalman filter (SDKF), which is used for the closure based assimilation
method, is analogous to the EnKF. However the SDKF implements
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where the prognostic equations for the statistics h⇣
k

i, C
k

, C
k,�l

and hˆ⇣
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i are given in Section 3
and in Appendix C.

In our numerical experiments we choose our initial C
k,�l

(t0, t0) to be isotropic; it subsequently
evolves to an inhomogeneous C

k,�l

(t, t0) and take Ca
(t, t0) = Cf

(t, t0) for t 6= t0. Higher order cu-
mulants or non-Gaussian contributions are included through Eq. (59) of Appendix C. In our numeri-
cal experiments we also employ the common assumption that the statistics of ˆd

k

are Gaussian, so that
h ˆd

k

(t) ˆd�l

(t) ˆd(l�k)(t)i = 0; as well we set D
k,�l

= 0 for l 6= k.
To reiterate Eqs. (8a), (9), (10), (54), (59), the response function Eqs. (57), (58) and the Kalman

filter Eqs. (27) constitute the SDKF. The SDKF includes specific terms for the full background error
covariance matrix and non-Gaussian three-point cumulant terms. We note from Eq. (27) that while the
mean field and diagonal covariance are scaled by the diagonal Kalman gain, the off-diagonal covariance
is scaled by products of two gain terms at different wavenumbers. In turn the three-point function is
scaled by three gain terms at different wavenumbers. In these respects the form of the SDKF is similar
to the EnKF and EnSF.

7. Entropy measures

The Shannon entropy has the general expression

S = �hln P (x)i = �
Z

dxP (x) ln P (x) (28)

in terms of the probability distribution function P (x). If P (x) is multivariate Gaussian with covariance
C then up to an arbitrary constant

S =

1

2

ln detC. (29)
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Figure 10. The evolving palinstrophy production measure over a 30 day assimilation period
starting on the 16

th October 1979.
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a very close trajectory to the truth, that is kS k ⌧ kD k, with little evidence of a systematic drift over
the period considered. We note that our test, Eq. (44), is similar to that used by Anderson (2001) [1],
where a similar measure was calculated at a single grid point. Note that here we are summing over the
entire spectral domain and so incorporate all regions of instability.

In Figure 12 we compare the evolved zonally asymmetric, or eddy, streamfunction and variances in
physical space on the 6

th of November 1979 when the block over the Gulf of Alaska was amplifying
rapidly. We note that the largest amplitudes of the error variance in general occur in the regions of large
potential vorticity gradients, as expected from the Raleigh-Kuo barotropic instability criterion. This
phase shifting between the evolved zonally averaged asymmetric streamfunction and the error variances
during blocking is evident in the earlier instability studies of Frederiksen (1997, 2000)[26, 28].

11. Discussion and conclusions

We have compared covariance modeling methodologies with applications to data assimilation based
on statistical dynamical, square root and ensemble Kalman filters within the frame work of diagonal
dominance of the Kalman gain. As stated in the introduction our approach can be regarded as a gen-
eralization of the spectral statistical interpolation (SSI) method of Parrsih & Derber (1992) [64]. The
performance of the statistical dynamical Kalman filter has been examined through direct comparison
with the ensemble filter methods. We have compared the SDKF to ensemble Kalman filter results for
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Figure 6. a) Band averaged Kalman gain spectra (non-dimensional) on the 29

th October and
after the 5

th day of data assimilation. b) Comparison of ensemble Kalman, ensemble square
root and statistical dynamical re-scaling gains as defined in Eqs. (43a), (43b) & (43c) after
the 5

th day of data assimilation.
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In Figure 9 we show the evolved Kalman gain spectra for the EnSF. From Figure 9 we see that the
Kalman gains again reflect the flow dynamics with the strongest gains occurring for the fast growing
scales. The spectra are peaked at various wavenumbers between 3 & 8 consistent with the error growth
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A central problem in data assimilation is how best to model the error covariance matrices for the
background states and analyses. The aim of data assimilation is to obtain a near optimal estimate of the
state of the atmosphere, based on observations and on short term forecasts, that provide the so-called
background states with information in the data void areas. Data assimilation methods can be regarded
as generalized filters that extract the signal from noisy observations and produce assimilated data sets at
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What	about	we	make	the	noise	scale	selec<ve	and	
representa<ve	of	some	unresolved	process?	

	
If	noise	is	scale	selec<ve	and	white	(i.e.	random	with	unit	variance)	we	can	make	use	of	a	

property	of	quasi-two	dimensional	turbulent	flow	i.e.	the	inverse	energy	cascade	
	

Informa<on(noise)	injected	at	the	smallest	resolved	scale	(iner<al	range)	will	be	organised	by	the	
inverse	energy	cascade	and	so	where	an	instability	(error	mode)	grows	the	large	scales	of	the	
analysis	will	have	an	addi<onal	contribu<on	to	the	Kalman	gain	that	will	be	appropriately	

weighted	by	the	coherent	error	growth.	

the evolved perturbations both after the breeding cycle
and the forecast period. The day-10 results of Fig. 9a
also demonstrate an overprediction in day-10 mean ki-
netic energy for the CD model, which is a consequence
of the systematic underprediction of the perturbations.
In Fig. 9b the forecast kinetic energy amplitudes at day
10 (8 November) are seen to underpredict the evolved
perturbation energy over a much larger range of scales
than occurs for a QDIA calculation (without regular-
ization), further demonstrating that the cumulative
non-Gaussian terms are also an important influence on
the larger scales.

7. Discussion and conclusions
We have studied the performance of the QDIA clo-

sure and three variants thereof as compared with DNS

on the generalized ! plane in a series of ensemble pre-
diction studies using the method of bred perturbations.
The renormalized closure variants include non-
Gaussian terms to varying approximations. Specifically,
the QDIA includes only direct interactions, while the
regularized QDIA (RQDIA) includes both direct and
indirect interactions. Whereas the QDIA and RQDIA
allow for non-Gaussian initial conditions and initial
contributions from off-diagonal covariances, the zeroed
RQDIA (ZRQDIA) assumes homogeneous initial per-
turbations for the forecast. The use of a stochastic back-
scatter forcing has been examined to ascertain the role
of noise on the robustness of our conclusions. A further
CD variant of the QDIA, based on a cumulant-discard
hypothesis, has been also compared to ensemble-
averaged direct numerical simulations (DNS). Our CD

FIG. 8. The 10-day forecast, starting with isotropic initial error field with nudging field specified by linearly interpolated daily 500-mb
streamfunction fields starting from 29 Oct 1979 and ending on 8 Nov 1979. Kinetic energy (nondimensional) as a function of zonal
wavenumber on days (a) 5 and (b) 10, (c) palinstrophy measurement [stochastic backscatter for DNS (thick solid line) and RQDIA
(thick dotted line); no stochastic backscatter for DNS (thin solid line) and RQDIA (thin dotted line)], and (d) stochastic backscatter
are shown.
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Demonstration of cascades

• Agreement of the LES with the DNS indicates that the subgrid
interactions are well represented by the subgrid coefficients.

• Identified the scales associated with each cascade.
– Inverse energy cascade (backscatter) - small vertical, small
streamwise, near wall scales

– Forward energy cascade - remaining scales.

Subgrid Scales (S)Resolved Scales (R)

Backscatter

Forward
Cascade

Streamwise wavenumber (kx)



Unfortunately	not	all	subgrid	terms	are	homogeneous!	
Phase	rela<onships	between	the	subgrid	and	retained	sclaes	

need	to	be	preserved.	
	

Eddy	topographic	force	



Concluding	comments.	
Thanks!	
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Diagrammatic forms 
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BUT	THEN	YOU	HAVE	A	FIELD	THEORY	TO	ACCURATELY	ACCOUNT	FOR	ALL	HIGHER	ORDER	
TERMS		

The statistical dynamical Kalman filter

SDKF

• The closure expressions are derived using renormalization and regularization
methods. They are underpinned by a generalized Langevin equation (i.e. exact
stochastic model thus realizable) and can be expressed using both functional integral
and diagrammatic representations.
• Third order terms correspond to non-Gaussian e↵ects.
• The e↵ect of terms higher than third are to localize transfers between eddies and to
distinguish between convection e↵ects and intrinsic distortion e↵ects. We can
approximate these e↵ects by zeroing the interaction coe�cient in the two-time
cumulant and response function equations unless the triad of interacting wave vectors
satisfy certain inequalities that localize the transfers and that depend on a
predetermined cut-o↵ ratio ↵.


